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Abstract

Systems with a priori unknown and time-varying dynamic behavior pose a significant

challenge in the field of Nonlinear Model Predictive Control (NMPC). When both the

identification of the nonlinear system and the optimization of control inputs are done

robustly and efficiently, NMPC may be applied to control such systems. This paper

considers stable systems and presents a novel method for adaptive NMPC, called Adap-

tive Sampling Based Model Predictive Control (Adaptive SBMPC), that combines a ra-

dial basis function neural network identification algorithm with a nonlinear optimiza-

tion method based on graph search. Unlike other NMPC methods, it does not rely on

linearizing the system or gradient based optimization. Instead, it discretizes the input

space to the model via pseudo-random sampling and feeds the sampled inputs through

the nonlinear model, producing a searchable graph. For this discretization, an optimal

path is found using Lifelong Planning A∗, an efficient graph search method. Adaptive

SBMPC is used in simulation to identify and control a simple plant with clearly visu-

alized nonlinear behavior. In these simulations, both fixed and time-varying dynamic

systems are considered. Results are compared with an adaptive version of Neural GPC,

an existing NMPC algorithm based on Newton-Raphson optimization and a back prop-

agation neural network model. When the cost function exhibits many local minima,

Adaptive SBMPC is successful in finding a low-cost solution that appears close glob-

ally optimal while Neural GPC converges to a solution that is only locally optimal.

This paper presents the method, soundness and completeness theory, and two simu-
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lated NMPC examples. The first is a transparent single-input single-output example,

and the second considers a more complex power plant combustion process with two

inputs and three outputs.

1. Introduction

Model Predictive Control (MPC) is widely used in industry [1][2][3], and although

most MPC implementations use linear models, nonlinear models allow for better per-

formance over a wider operating range [4][5][6][7]. Furthermore, adaptive implemen-

tations of Nonlinear MPC (NMPC), which assume a stable plant as considered in this

paper, provide the additional benefit of enabling the model to be updated as plant dy-

namics change. Several NMPC techniques have been developed by extending existing

linear MPC techniques to handle plants with strong nonlinearities [1][8][9]. Draw-

backs of currently used Newton-type methods include the computational expense of

computing first and second derivatives, possible convergence to local minima that are

globally suboptimal, and a lack of robustness due to overly fine tuning requirements.

An adaptive approach to NMPC, Adaptive Sampling Based Model Predictive Control

(Adaptive SBMPC) is first presented in [10]. Here, we go beyond the previous re-

search by providing more algorithm detail, a theoretical derivation of completeness, a

comparison to the adaptive form of an existing NMPC method, and new simulation

results.

Adaptive SBMPC is not an extension of a linear MPC technique; instead, it applies

an optimization method that does not require gradient computations. The method is

based on input sampling [11][12][13] [14], which here refers to the pseudorandom or

low-correspondence discretization of a continuous set. In input sampling, the space of

all valid input vectors is sampled, yielding a set of discrete input vectors that are used

to represent the space. Sampling in this sense is not to be confused with the concept

of (usually periodic) time sampling in a sampled-data system. The method may be

used generally with any input-output model and does not inherently prefer linear or

nonlinear models. This paper presents a comparison to an adaptive form of Neural

GPC [8] using both an transparent and simple example (results Cases 1, 2, and 3) and
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an application to a real world problem, the regulation of emissions for a simulated

coal-burning power plant (Results Cases 4 and 5).

The Generalized Predictive Control (GPC) method [15] was the first to merge adap-

tive control techniques with MPC. GPC handles plants with changing dynamics by us-

ing an adaptive linear model and performs well despite unknown time delays, which

is in general an advantage of MPC approaches. One particular disadvantage of GPC

over other MPC methods is that there is no guarantee that hard input and output con-

straints will be satisfied. Although Clarke mentions the potential of modification to

handle constraints, neither the original GPC nor any of the nonlinear GPC extensions

mentioned below guarantee constraint satisfaction.

When implementing MPC, the model that is used for prediction is obtained in one

of several ways. While some take the model to be specified a priori [16][17][18], it is

often practical to perform system identification and fit a model from observed input-

output behavior [15].

Linear MPC techniques often use a Least-Squares, Gradient Descent, or Newton

method to fit a linear model to observed data [1]. Nonlinear MPC techniques, which

are far less commonly used, often fit a Neural Network, Neuro-Fuzzy, Nonlinear Poly-

nomial, or other Nonlinear State Space model to predict system behavior [19]. This

paper focuses on techniques using the neural network pattern recognition paradigm,

which is useful for representing general nonlinear system behavior. Neural networks

achieve this by using computational building blocks called hidden units or neurons. It

is possible to capture the behavior of a nonlinear plant by training and updating a neural

network to predict the future response of the system based on past observations.

GPC has been extended to nonlinear systems using neural network models, yielding

one of the first and most widely used adaptive NMPC algorithms, Neural GPC [8]. As

illustrated in Fig. 1, this method consists of an identification phase, using a Back

Propagation Network (BPN), and an MPC optimization phase using Newton’s method.

The cost function J is minimized, using computed gradient and Hessian values to seek

a locally optimal sequence of inputs. Constraint and damping terms are added to the

GPC cost function to penalize input constraint violations and avoid potential instability

of the Newton’s method solver.
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Figure 1: Block Diagram of Neural GPC. The control task is to provide inputs u to the plant such that outputs
y match a reference trajectory r. The two way switch allows the neural network model to be identified online
and the MPC control optimization to be recomputed at each time step using the latest model parameters.

Neural GPC enables control of a multiple-input multiple-output (MIMO) plant.

However, in prior publications, each implementation fixed the neural network param-

eters after the learning phase ends. Hence, although the formulation of Neural GPC

allows for adaptation, the research in published literature did not perform adaptive

control. Neural GPC has been applied experimentally to a single-input single-output

(SISO) nonlinear magnetic levitation system using a network with only three compu-

tational units in the hidden layer [20]. For this paper, Neural GPC is implemented for

comparison to the proposed algorithm. In this implementation, adaptation continues

during the control phase, which allows the algorithm to adapt to a time-varying plant.

Another neural-network-based NMPC approach called Explicit Black Box NMPC was

recently introduced [21], but is a SISO result that cannot utilize the adaptive capability

of a neural network model. Adaptive Predictive Control performs NMPC using neu-

ral networks for both identification and control [22]. The authors, however, list high

computational cost due to inversion of a large matrix as a drawback of the method.

Like the other neural network results, the plant controlled by this method is SISO.

The tendency in literature to present results for SISO plants serves as an indicator that

performing NMPC that is practical and computationally efficient for MIMO nonlinear

plants is a formidable challenge.

NMPC has also been applied to nonlinear systems identified without the use of neu-

ral networks. Fuzzy GPC is applied to the SISO, nonlinear, simple inverted pendulum

[23], and Wuxi et al. present an adaptive Fuzzy GPC implementation that controls a
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nonlinear time-varying SISO plant [24]. In each case, the methods based on nonlin-

ear fuzzy models are described as computationally costly. This is due to the intensive

computational effort required to solve the Diophantine equations required in the GPC

optimization.

This paper develops an adaptive NMPC approach known as Adaptive SBMPC that

has the ability to avoid local minima. This method is applied in simulation to both SISO

and MIMO systems including a power plant combustion example. The optimization

approach, Sampling Based Model Predictive Optimization (SBMPO) [25][26], is a

graph search algorithm which discretizes the input space using sampling. It does not

require gradient computations and easily handles the changes in model structure that

occur as the internal model changes. Determining stability conditions for this method

involves determining whether a goal state is present in the graph and showing that the

optimization method is complete, i.e., it finds a goal state whenever such a state is

reachable by the graph. Assuming a stable plant, system dynamics are learned and

represented using a neural network, which, based on the patterns of observed data, can

grow or shrink as the control system operates. The approach introduced here is very

general and has potential applications in a wide variety of domains, including process

control, automotive engine control, power system control, and robot motion planning.

SBMPO, the optimization portion of SBMPC, has been successfully applied to tra-

jectory generation for robot systems with highly nonlinear plant dynamics [27][28].

However, in those applications, the dynamics were well known and modeled analyti-

cally. In addition, a receding horizon was not used. In this research SBMPO is used

with a receding horizon, hence becoming SBMPC. More importantly, the nonlinear

model is identified online and updated while the system is being controlled. Hence,

this is the first adaptive form of SBMPC and it is demonstrated that this method is

feasible for real time implementation.

To model nonlinear dynamics, we employ a special neural network structure, called

the Radial Basis Function (RBF) network, which has been shown to be general enough

to represent arbitrary nonlinear functions of multiple variables [29][30]. In this re-

search an RBF network is trained and adapted online using the Minimal Resource Al-

location Network (MRAN) learning algorithm [31] to produce high-fidelity nonlinear
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Figure 2: Block Diagram of Adaptive SBMPC. The control task is to provide inputs u to the plant such that
outputs y match a reference trajectory r. The neural network model is identified online, and as candidate
input trajectories u∗ are provided by SBMPO to the neural network, their corresponding predicted outputs ŷ∗

are returned.

models from limited sequences of training data.

This paper is organized as follows. Section 2 describes the identification and con-

trol methodologies used in Adaptive SBMPC. Section 3 explains the local minimum

avoidance capability of Adaptive SBMPC, illustrated with a simulation. Section 4

presents simulation results comparing Adaptive SBMPC with Neural GPC for a trans-

parent SISO system, while Section 5 presents MIMO results for the simulation of a

more practical combustion control problem. Finally, Section 6 presents conclusions.

2. Methodology

The Adaptive SBMPC approach to nonlinear MPC [13] consists of identification

of an approximate system model during the learning phase followed by simultaneous

identification and control during the control phase. As shown in Fig. 2, a neural net-

work is used to model the plant dynamics and SBMPC is used to generate actuation

signals to control the plant. Remarks on the neural network structure and computa-

tional complexity of the MRAN identification algorithm as well as the details of the

SBMPC methodology are given below. A full description of the MRAN algorithm

may be found in one of the references [31].
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Figure 3: The Structure of an RBF Neural Network with Four Hidden Units. Each hidden unit φ j evaluates a
Gaussian function centered at basis vector µ j , which has dimension equal to the vector x of network inputs.
Each output yi is an affine function of the φ j .

2.1. The MRAN Identification Algorithm

The Minimal Resource Allocation Network (MRAN) algorithm implemented in

this research was developed by Yingwei et al. [31]. It is based on the Resource Al-

location Network algorithm, a general method for function approximation [32]. The

advantage over other methods is that the network eventually reaches a constant size de-

spite increasing the length of the training set. Yingwei et al. extended RAN to MRAN

by adding a pruning step. Although there is no proof of convergence, the MRAN learn-

ing paradigm is sufficiently general to represent many different systems with little or

no alteration of the algorithm’s tuning parameters.

2.1.1. The RBF Neural Network

When applying MRAN to learn a system’s input-output behavior, x is the vector of

the past m inputs and n outputs given by

x = [yT
i−1,y

T
i−2, ...,y

T
i−n,u

T
i−1,u

T
i−2, ...,u

T
i−m]

T , (1)

and f (x) is the current output prediction given by

f (x) = ŷ = a0 +
N

∑
j=1

a jφ j(x). (2)

When each function φ j is radially symmetric about some unique centroid µ j, the

function defined in (2) is known as a Radial Basis Function (RBF). The RBF is a single

layer neural network structure as depicted in Figure 3. In MRAN, each φ j is a Gaussian
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function with a unique width σ j, that is,

φ j = exp

(
−
‖xk−µ j‖2

σ2
j

)
. (3)

As seen in (2), the RBF network output is a linear combination of several Gaussian

functions. Each set of parameters {µ j,σ j,a j} constitutes a hidden unit. As the MRAN

algorithm runs, the number of hidden units N may grow and shrink, and the parameter

values are continually refined to minimize prediction error.

2.1.2. MRAN Computational Complexity

The bottleneck in the computation of the MRAN algorithm is the Extended Kalman

Filter (EKF), which is intractably O(N2) in the number of hidden units [33]. For a

given real-time constraint, this will limit the maximum network size for which the

algorithm may be feasibly executed. If assumptions are made about the decoupling of

hidden unit parameters, they may be organized into mutually exclusive groups, which

would require smaller matrix inversions and reduce the complexity. For the problem

presented in Sections 4.1, 5.1, and 5.2, the maximum network size is 480, a tuning

parameter which allows for the tradeoff of prediction accuracy versus computational

cost.

2.2. Sampling Based Model Predictive Optimization

Figure 4: Sampling Based Model Predictive Optimization Summary. The algorithm discretizes the input
space and makes model-based state predictions, x̂k+ j , in order to minimize a cost function.
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As a means of solving model predictive optimization problems without computing

gradients, Sampling Based Model Predictive Optimization (SBMPO) has been devel-

oped and implemented on experimental platforms [26][34][11]. For a nonnegative cost

function C(·), SBMPO may be applied to solve the nonlinear optimization problem,

min
{u(k),...,u(k+N−1)}

N−1

∑
i=0

C (y(k+ i+1)− r(k+ i+1)) , (4)

subject to the nonlinear state space equations,

x(k+ i) = g(x(k+ i−1),u(k+ i−1)), (5)
y(k) = h(x(k)), (6)

and the constraints,

x(k+ i) ∈ X f ree ∀ i≤ N, (7)
u(k+ i) ∈ U f ree ∀ i≤ N, (8)

where r(k) is the reference input and X f ree and U f ree represent the states and inputs

respectively that do not violate any of the problem constraints. SBMPO is described

in Fig. 4 and is easily applied to both linear and nonlinear models, combining tech-

niques for sampling the input domain with an efficient graph search method such as

A∗. The details of SBMPO are given in [11]. See Appendix A for a pseudocode list-

ing of the SBMPO algorithm. The implicit grid test for overlapping states [35] is not

implemented. This simplification of the algorithm is applied because for the short pre-

diction horizons used, state overlap is improbable. Below, various aspects of SBMPO

are emphasized.

2.2.1. Sampling the Input Domain

The field of path planning in robotics has seen recent innovations that have used

sampling techniques [36][37]. SBMPO involves the sampling of the space of allow-

able inputs. Halton sampling, in particular, is a method based on the low-discrepancy

Halton sequences that has been shown to provide representative sample sets consist-

ing of fewer points than sets generated using pseudo-random numbers or regular grids

[38][39]. Satisfaction of input constraints is automatic, since it is the allowable inputs

that are sampled, and since the inputs are propagated forward through the model, no

inversion of the model is needed.
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2.2.2. The Graph Search

Using the current state and input samples, several nodes are computed by propagat-

ing the model and added to a graph with tree connectivity, as illustrated in Fig. 5. The

branchout factor B, a tuning parameter of the algorithm, determines how many child

nodes are generated when a particular parent node is expanded. In the implementation

of this algorithm, each node has a pointer to its parent node so that, for every node,

there is an implied path from the root node to itself. Therefore, the optimization task

is to choose the node at horizon depth that is reachable by the lowest cumulative cost.

The computation is done by best-first search using the A∗ algorithm [40] or one of its

variants such as Lifelong Planning A∗ [41].

2.2.3. SBMPO Completeness

For the receding horizon MPC problem, we define a goal state as any horizon-depth

node whose trajectory is minimal in cost. A sound graph search algorithm returns only

trajectory solutions that reach a goal state. A given sound algorithm is complete if it

always returns one such solution if any solution exists. Assuming the heuristic func-

tion always underestimates the lowest cost to the prediction horizon, SBMPO, like A∗

and other graph search algorithms, may be shown to be complete over a given graph.

A proof loosely based on the procedure in [42] is formally derived in Appendix B.

Its culmination, Theorem Appendix B.6, guarantees that, subject to sufficient depth

and breadth of sampling, SBMPO will find a globally optimal solution. Due to gaps

between samples, some suboptimality will result. Note that with the nonuniform sam-

pling strategy described in Subsection 2.2.5, the gaps between samples become very

small at steady state.

2.2.4. Obstacles and Hard Constraints

Because the input domain samples are selected from the specified region only, hard

input constraints are met automatically. An additional advantage of using a graph

search approach is the ease of dealing with obstacles and hard output constraints. Nat-

urally, if a node represents a state that is not allowed by the specified constraints or

obstacles, it is removed from the queue and the next node in the queue is chosen in-
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Figure 5: SBMPO Search Graph. The graph is built by expanding the most promising node to generate B
child nodes. Each child node is assigned an input sample, which is propagated forward through the model to
predict a state for that node. The potential cost of reaching that state is used to prioritize the nodes and select
the most promising candidate for the next iteration of expansion.

stead.

2.2.5. Algorithm Extension: Nonuniform Distribution

The uniform sampling density typically used for SBMPC may be transformed in or-

der to achieve greater relative sampling density in a desired region of the input domain.

In order to preserve input constraint satisfaction, the range sampled by the uniform

distribution should be maintained. The following procedure can be followed to obtain

a nonuniform sampling distribution aggregated about zero:

1. Transform the samples linearly to occupy the range [−1,1]

2. Record the sign of each transformed sample

3. Raise each transformed sample to an integer power

4. Restore the sign (if even power) and apply the inverse linear transform to the

samples

Using a nonuniform sampling density can improve the performance of SBMPC by

reducing the branchout factor required to converge to some near-optimal trajectory.

Both the generation of Halton samples and the transformation described here may be

computed offline and accessed through a lookup table.

2.2.6. SBMPO Computational Complexity

The execution time required to run SBMPO, the optimization phase of Adaptive

SBMPC, is roughly proportional to the number of nodes expanded, which is the case
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for most graph search algorithms [43]. The SBMPO search tree is generated and ex-

plored in a best-first sense. For a maximum graph size of V vertices, SBMPO is an

O(|V |) algorithm since, in the worst case, every node with depth less than the control

horizon will be expanded, yielding an upper bound of BN−1 expansions. In practice,

the number required is far fewer, but the worst case is considered when developing

a real-time execution guarantee. While real time algorithms are often programmed to

terminate early in the event of a longer-than-feasible execution time, this can often lead

to undesired performance. In the implementation of SBMPO, the real-time guarantee

is achieved by limiting the nodes that may be generated in a single call of the SBMPO

routine. In the event that the optimization phase terminates early, the evaluated nodes

of greatest depth are listed and the node among those with lowest cost is chosen.

3. MPC and Local Minimum Avoidance

Model predictive control optimization techniques based on sampling have an in-

herent advantage over techniques that rely on gradients. Gradient-based methods seek

out solutions that are locally minimal, but it is possble that the found local minimum

is significantly less optimal than the true global minimum. Sampling-based methods,

however, may be employed to explore beyond nearby local minima and find more op-

timal solutions if they exist. This section contains a transparent illustration of both

approaches to MPC optimization for a SISO plant with numerous suboptimal local

minima.

3.1. Exploration Enabled by the Sampling-Based Graph

When a sampling-based method such as SBMPO is used in receding horizon MPC,

local minimum avoidance is made possible by using a graph building and searching

technique that allows exploration of the reachable space. The graph building compo-

nent of these mehtods entails selecting samples that represent the reachable space. By

generating input samples that cover the range allowed by input constraints, a graph

is constructed which represents trajectories that depart from a nearby local minimum

state in favor of other reachable states that are lower in cost. The graph searching com-
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Figure 6: Rastrigin’s Function in One Dimension. This objective function with several local minimum points
serves as a transparent example of a nonlinear optimization problem.

ponent ensures that the selected sequence of samples representing the lowest cost route

represented by the graph (see Proof in Appendix B).

3.2. An Example of Local Minimum Avoidance

The plant to be controlled has a single input uk, single state xk, and single output

yk, and is represented by the dynamic equations,

xk+1 = xk +uk

yk = R(xk) = A+ x2
k−Acos(2πxk),

(9)

with discrete time index k, where A = 10 and uk, which here serves as the change to

xk (i.e. uk = ∆xk), is constrained to the interval [−0.3,0.3]. The output function R(x),

illustrated in Fig. 6, is the one-dimensional form of Rastrigin’s Function [44], a widely

used objective function in the optimization literature [45][46], defined over the interval

x ∈ [−5.12,5.12]. The global minimum of R(x) occurs at x = 0, and additionally, there

are local minimum points occuring at approximately every integer value of x. The MPC

problem,

argmin
u

N

∑
i=1

wi|yk+i|, (10)

is the selection of an N-element future input vector u that minimizes the cost func-

tion. For the following example, the prediction horizon N is 5 and the weight vector

[w1,wk,w3,w4,w5] is chosen to be [1,1,1,1,100] in order to prioritize future cost min-

imization. We use a receding horizon formulation that looks only 5 steps ahead to

demonstrate that long, computationally expensive horizons are not necessary to locate

a global minimum using MPC. For this example, MPC solvers have access to an exact

representation of the dynamics given in (9) for predictive optimization purposes.

Two methods for MPC optimization are used to solve (10), SBMPO and Sequential

Quadratic Progamming (SQP) [47]. SQP, like many commonly used methods for MPC

optimization, relies on first and second derivative information and performs a gradient-
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Figure 7: Initial State and First MPC iteration. For clarity of simultaneous display, the SBMPC data on these
plots is reflected across the axis of symmetry.

guided search. SBMPO evaluates and searches the space of allowable future inputs and

is therefore a fundamentally different type of approach.

Both solvers are given an initial state x0 = 5.11 and optimize inputs u for the next N

steps. The immediate next input is then applied and the system state is updated. Then

the solver repeats the optimization, computing u for N steps from the updated starting

state. The MPC iterations continue until neither MPC solver’s solution state change

beyond the stopping tolerance, τ = 0.05.

SBMPO is applied to the above plant with branchout factor B= 7, the trivial heuris-

tic h(x) = 0, and uniformly distributed Halton samples. SQP is applied with solver

tolerance 10−6 and an iteration limit of 1500. SQP was provided the initial condition

u = 0.

The intial state and results of the first MPC iteration are plotted in Fig. 7. Note

that on the first MPC iteration, both optimization approaches converge to sequences of

inputs tending toward the local minimum state at x = 4. When as each step is taken,

MPC trajectories are recomputed and MPC iterations 2, 3, 4, and 5 are plotted in Fig. 8

(a), (b), (c), and (d). The SQP MPC solver converges on the nearby local minimum at

x = 5 and ceases to explore the space. The SBMPC solver, on the other hand, escapes

the local minimum and continues to plan toward lower cost regions of the state space.
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The ending results, plotted in Fig. 9 indicate that SBMPC was able to locate the global

minimum within ±τ by MPC iteration 30.

The simulation was repeated with 200 different equally spaced starting states over

the interval x0 ∈ [−5.0,5.0]. Because the global minimum of Rastrigin’s function oc-

curs at x = 0, any of these simulations which convereged to a final state within [−τ,τ]

is considered successful. All simulations converging to states outside this range con-

verged to a value that is only locally, but not globally optimal. The results of these sim-

ulations are summarized in Fig. 10. Fig.10 (a) indicates that SBMPC found the global

minimum from every initial state, while Fig. 10 (b) indicates that SQP MPC only

found the global minimum when its initial state was in close proximity to the global

minimum. This canonical result highlights an inherent advantage of input-sampling-

based approaches over gradient-based approaches to MPC.

4. SISO Simulation and Results

The next series of results will compare Adaptive SBMPC with an established adap-

tive NMPC method, Neural GPC, applied to nonlinear plants of increasing complexity.

Both Adaptive SBMPC and Neural GPC were used to control the benchmark SISO

nonlinear plant [48] described by the difference equation

y(k) =
29β (k)

40
sin
(

16u(k−1)+8y(k−1)
β (k)(3+4u(k−1)2 +4y(k−1)2

)
+

1
5

u(k−1)+
1
5

y(k−1),
(11)

where β (k) is a parameter that may be modified to alter the behavior of the plant. The

MPC cost function,

J =
N−1

∑
i=0

(y(k+ i+1)− r(k+ i+1))2 , (12)

was optimized by each algorithm, equally weighting each future term up to the predic-

tion horizon N. The SISO, first-order nature of the plant allows simple visualization

of the state-to-cost behavior, by plotting the states u(k−1) and y(k−1) on the lateral
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Figure 8: Subsequent MPC iterations. Plots (a) through (d) represent MPC iterations 2 through 4, respec-
tively.
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Figure 9: Final MPC iterations. Plots (a) and (b) represent MPC iterations 28 and 30, respectively.
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Figure 10: MPC Convergence Behavior Summary. Each data point represents a unique initial state. Initial
configurations for which the simulation converges to within τ of the global minimum are marked with a blue
asterisk, while initial configurations for which the simulation converges to a local minimum are marked with
a green dot. With SBMPC, the global minimum is found from every initial state. SQP MPC only finds the
global minimum when the initial state is near the global minimum.
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(a) (b)

Figure 11: Benchmarking Plant Visualization. Plot (a) is for β = 1.0, and plot (b) has β = 0.2. By modifying
β , the number of occurances of local minima in the state space may be greatly increased. In both plots, the
prediction horizon N = 1.

axes and the cost (12) on the vertical axis. (A more complex, but more difficult to

visualize, MIMO plant is considered in Section 5 of this paper.) In order to simplify

the visualizations, the cost functions have prediction horizon N = 1. Two versions of

the plant are visualized in Fig. 11: (a) β = 1.0 and (b) β = 0.2.

The following three plant cases were considered:

1. Fixed plant with β = 1.0, r(k) = 2.2

2. Fixed plant with β = 0.2, r(k) = 0.4

3. Changing plant with β ∈ [0.8,1.0], r(k) = 2.2

The first of these is a straightforward control problem in which the algorithms can usu-

ally plan from the initial state to the set point without encountering a local minimum.

In the second plant configuration, however, many local minima exist between the initial

state and desired set point. The set point r was also reduced to 0.4 for this case because

the original set point, 2.2, is not reachable for small β . The third is a control problem

with a time-varying plant, where the parameter β varies according to

β (k) =


1.0 for 0 < k ≤ 50

−0.9 for 50 < k ≤ 100

0.8 otherwise

(13)

so that both the neural network model and control inputs must be actively modified to
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maintain optimal set point tracking.

In each simulation trial Adaptive SBMPC or Neural GPC first identifies the non-

linear system during the learning phase and then is given a fixed set point to track as a

reference trajectory. During the learning phase, only the neural network identification

portion of the algorithm is active, while during the control phase, both identification

and control algorithms are in operation.

4.1. Identification Comparison

The identification methods used in Adaptive SBMPC and Neural GPC differ sig-

nificantly although both are neural network based. The MRAN algorithm described in

Section 2.1 is used to construct the RBF network in Adaptive SBMPC, whereas Neu-

ral GPC uses a BPN with a sigmoid activation function, and selects a fixed number of

hidden units. The neural network parameters are initialized randomly and modified at

each time step using a back propagation rule.

In the learning phase, random white noise over the allowable input range was pro-

vided to excite the system. Input and output data was fed to the identification algorithm

sequentially, and at each time step, a prediction was made before adjusting the neural

network to reduce the error. For a single time step, the BPN method executed up

to 25 times faster than MRAN, primarily due to the costly EKF. However, the RBF

method trained using MRAN produced predictions with significantly lower errors than

the BPN method. In order to make a proper comparison, both algorithms were allowed

a thirty-second training phase. The learning phase error results of Fig. 12 indicate that

throughout the learning phase, the RBF network made predictions with lower error.

Even though the BPN method computed many more iterations within the thirty sec-

onds, the convergence rate of back propagation is far slower than that of the EKF of

MRAN.

4.2. Control Comparison

For the control phase, the algorithms were given a constant set point toward which

to drive the system output. Optimization was performed in a receding horizon fashion

with a control horizon NC of 2 and a prediction horizon N of 10.
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Figure 12: Training phase prediction errors. Though the BPN algorithm is able to execute each iteration
more quickly, completing 25 times more iterations than the RBF learning algorithm, the latter converges
much faster and produces lower prediction errors throughout the 30-second learning phase.

In Figs. 13(a) and 13(b) we see the control comparison under the conditions β =

1.0. Both algorithms produce good performance, and although the plant is nonlinear,

there is no significant disadvantage caused by linearizing the system because local

minima are not encountered. From the plots it is evident that both algorithms are able

to achieve low errors for this case. For the β = 0.2 case, Figs. 14(a) and 14(b) show

that Neural GPC converges to a suboptimal local minimum and hence fails to track

the desired reference, whereas SBMPC converges to the global minimum and has near

zero steady state tracking error. For the third case, with variable β , both algorithms

achieve good performance, tracking the set point as shown in Figs. 13(a) and 13(b).

4.3. Run Time Statistics and Real Time Feasibility

The computational times presented in Table 3 were measured during simulation ex-

ecution for each of the three cases. The timing period begins before the SBMPC routine

and ends after SBMPC has computed the next control input. Median and worst case

performance over each 200-timestep simulation run are presented. Both algorithms

were implemented in C on a 2.0 GHz quad-core AMD processor.

The Adaptive SBMPC algorithm solves the nonlinear optimization more efficiently

than Neural GPC. In particular, as seen in Table 3, it requires far less computational

time per step, and as seen in Figs. 13(c), 14(c), and 15(c), it requires fewer time steps to

converge to what appears to be a near-optimal solution. Note that GPC uses a Newton-

Rhaphson method relying on plant linearization while SBMPC is based on a graph
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Figure 13: Case 1 Results—β = 1.0 step tracking. After a 30-second training phase, the reference was
tracked using GPC (a) and SBMPC (b). Both converge rapidly to the desired set point and achieve steady
state estimation and control errors of zero. In the error plot (c), tracking error is the absolute percent differ-
ence between desired and actual outputs, while prediction error is the absolute percent difference between
predicted and actual outputs.

search method that directly propagates the nonlinear plant model and is guaranteed to

find a nearly global minimum given sufficient sampling and sufficient length of the pre-

diction horizon. Hence, SBMPC, unlike GPC, is not susceptible to slow convergence

when the second derivative is small, large overshoot and constraint violations due to a

non-well-behaved first derivative, and non-convergence due to poor initial estimates.

5. Power Plant Combustion Application

We continue the comparison between Adaptive SBMPC and Neural GPC methods

with a simulated power plant combustion control example.

Energy policy and the rising cost of fossil fuels has highlighted the need for efficient

and reliable methods to control the combustion processes of power plants. Legislation

that taxes or sets limits on carbon emissions is becoming more common [49][50][51],

21



(a) (b)

(c)

Figure 14: Case 2 Results—β = 0.2 step tracking. After a 90-second training phase, the reference was
tracked using GPC (a) and SBMPC (b). Both converge more slowly than in the previous case. However
Neural GPC convergence takes 100 simulation steps while the Adaptive SBMPC method converges within
20 steps. The GPC suboptimal convergence state is due to finding a local minimum. The error plot (c)
indicates a difference of 2.5 orders of magnitude between globally optimal convergence of SBMPC and the
locally optimal convergence of GPC.

which has increased the demand for control systems that reliably meet constraints on

emissions outputs.

When controlling a combustion system, constraints on inputs and outputs are neces-

sary in order to meet power demands, ensure safe operating levels, or regulate environ-

mental pollutants. For these reasons, the industry’s need for handling these constraints

has steadily increased, and MPC is arguably the control methodology most suitable to

handle them [52].

Correspondingly, MPC is commonly applied in simulations to power plants [53][54][55][56],

and, for applications where no closed-form model is available, is typically applied in

conjunction with an identified system model.

In order to clearly compare the control results in this section, Adaptive SBMPC

was implemented not only in the typical configuration, using the RBF network, but
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Figure 15: Case 3 Results—Variable β step tracking. After a 30-second training phase, the reference was
tracked using GPC (a) and SBMPC (b). Both converge rapidly to the desired set point and achieve low errors,
maintaining good performance as the plant dynamics undergo abrupt changes at time steps 50 and 100. The
error plot (c) indicates that Adaptive SBMPC converges more quickly than Neural GPC in response to these
changes.

also with the BPN used by Neural GPC. These two implementations are here referred

to as SBMPCRBF and SBMPCBPN . Although SBMPCRBF describes the usual imple-

mentation of Adaptive SBMPC, the comparison between Neural GPC and SBMPCBPN

illustrates the different capabilities of the two control methodologies when the same

neural network model form is used. Two cases are presented: a MIMO problem and a

time-varying MIMO problem. The control inputs and outputs are

u1 = φ , u2 = Φ f , (14)

and the three plant outputs are

y1 = xO2 , y2 = xCO, y3 = xCO2 . (15)
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Table 1: Comparative Run Time Statistics: Cases 1-3
Median CPU Times

Plant Configuration Control Algorithm
GPC SBMPC

Case 1 877 ms 16 ms
Case 2 252 ms 29 ms
Case 3 890 ms 15 ms

Longest CPU Times

Plant Configuration Control Algorithm
GPC SBMPC

Case 1 3584 ms 32 ms
Case 2 997 ms 83 ms
Case 3 3581 ms 39 ms

The inputs, fuel mass rate Φ f and oxygen damper angle φ , are specified by SBMPC

or GPC to control the system. The outputs to be controlled are the flue volume concen-

trations of oxygen, carbon dioxide, and carbon monoxide.

For each trial, 120 seconds of processor time was used to initially train the neu-

ral network. During this phase, inputs consisted of uniform white noise within the

constrained range for each input, u1(k) ∈ [0◦,90◦] and u2(k) ∈ [0.7,1.3]kg/sec. The

MRAN learning algorithm starts with an empty neural network and learns the network

size during this training period. The BPN, initialized with random hidden unit parame-

ters between -0.5 and 0.5, assumed a fixed network size, which was provided a priori.

The same prediction horizon N = 4 and control horizon NC = 2 were used for both

SBMPC and GPC. The complete list of tuning parameters is given in Appendix C.

5.1. Case 4: Oxygen Control and a Carbon Penalty Cost

Case 4 is and extension of the plant used by Grancharova et al. in Problem P3

of [57], in which only the mechanical efficiency of the burner is considered for opti-

mization. Two additional outputs, the concentrations of carbon monoxide and carbon

dioxide, are modeled. The control task is to seek the concentration of oxygen xO2 in

the flue gas that is optimal for burning efficiency xO2,opt, a value that is prescribed in
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[58] as an empirical function of Φ f . The cost function being optimized

C =
N−1

∑
i=0

Cenv(i)+Cmec(i) (16)

where

Cenv =CCO +CCO2 (17)

and

CCO =

0, xCO < LCO

(xCO−LCO)PCO, xCO ≥ LCO

(18)

CCO2 =

0, xCO2 < LCO2

(xCO2 −LCO2)PCO2 , xCO2 ≥ LCO2

(19)

considers greenhouse gases CO and CO2 in order to control the environmental impact

of the power plant.

It introduces terms that linearly penalize pollutant levels above the respective thresh-

olds LCO2 and LCO with penalty slopes PCO and PCO2 . The limitations on CO and CO2

are implemented as soft constraints via these linear penalties rather than hard con-

straints. This is done because initial conditions and time variation of the plant yield

states in violation of the desired range of outputs. Starting from this initial condition,

the use of hard constraints would allow no feasible solutions. Instead, a large penalty

was placed on outputs above desired levels to so that optimal control strategies must

quickly bring the outputs into compliance.

As an implementation of the input constraints, a saturation function,

uSAT (u) =


umax, u < umin

u, umin ≤ u≤ umax

umax, u > umax,

(20)

is applied to the control input signals, so that whenever either of the constraints is
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Figure 16: Neural GPC Case 4 Results. Penalties on CO and CO2 are introduced and Inputs, O2 tracking,
and CO2 levels are plotted. The shaded upper and lower regions on the input plots are infeasible regions
beyond the input constraints. The value u2,SAT is input to the plant when the fuel rate constraint violation
occurs. Because of this saturation of u2, tracking performance is poor as u1 alone lacks the control authority
to track the reference.

Figure 17: SBMPCRBF Case 4 Results. Penalties on CO and CO2 are introduced and Inputs, O2 tracking,
and CO2 levels are plotted. The shaded upper and lower regions on the input plots are infeasible regions
beyond the input constraints. The controller adjusted the fuel rate and damper angle to achieve both optimal
burning efficiency and allowable carbon levels. There are no violations of input constraints.
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Figure 18: SBMPCBPN Case 4 Results. Penalties on CO and CO2 are introduced and Inputs, O2 tracking,
and carbon levels are plotted. The controller adjusted the fuel rate and damper angle to seek both optimal
burning efficiency and allowable carbon levels. There are no violations of input constraints. The predicted
and desired curves match, which indicates that neural network prediction error is the cause of the error in
tracking between actual and desired concentrations.

violated, the limiting value is passed to the plant instead. The reference trajectory

xO2,opt, a sinusoid, simulates the requirement of power plant boilers to meet demands

that vary over time.

For case 4, the length of the training phase was 120 seconds. After the training

phase, the number of hidden units converged to 199. By the end of the simulation, the

number of units had increased to 201.

The data shown in Figures 16, 17, and 18, gives the Case 4 results for Neural GPC,

SBMPCRBF , and SBMPCBPN . CO levels, which remained at zero throughout the

control phase, are not plotted. Although CO was generated during the training phase,

by nature of the combustion process the constraint on CO2 is the more stringent of the

two constraints, and meeting the constraint on CO2 forced the CO level to zero. In

Figure 16, Neural GPC fails to track the reference due to an input constraint violation,

which occured because GPC produced a fuel rate that was out of bounds. The damper

angle alone lacks the control authority to track the reference trajectory. SBMPCRBF

converges with small error and satisfaction of output constraints. Prediction errors are

rapidly corrected in the first few time steps of the control phase. SBMPOBPN network

similarly achieves overall constraint satisfaction, but the tracking is less effective due

to the prediction error of BPN. The execution time of SBMPORBF was improved over
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Figure 19: Neural GPC Case 5 Results. With plant changes occuring every 500 seconds, the model adapts
and control inputs are updated simultaneously. The shaded upper and lower regions on the input plots are
infeasible regions beyond the input constraints. The value u2,SAT is input to the plant when the fuel rate
constraint violation occurs. Because of this saturation of u2, tracking is unsuccessful as u1 alone lacks the
control authority to track the reference.

that of SBMPOBPN , as seen in Table 3, which is primarily due to the smaller number of

graph node expansions required when model predictions are more accurate. This time

is also directly proportional to number of hidden units required to represent the system.

The MRAN algorithm converged to 201 hidden units, whereas the fixed number of

hidden units for the BPN network was 39.

5.2. Case 5: Control System Adaptation Under Changing Dynamics

The fifth simulation case was designed to demonstrate the versatility of the adap-

tive algorithms as changes in plant dynamics are introduced that require active model

updates. The online identification algorithms are able to quickly adjust to changing

plant behavior, either by back-propagation (BPN) or the EKF optimization of MRAN

(RBF).

In the simulation, plant dynamics are applied as step parameter changes at the be-

ginning of each 500 second interval of simulation time. The nature of the changing

boiler dynamics is presented in Table 2. Each change is from the normal dynamic be-

havior, such that the changes mentioned are in effect during the interval but revert back

to the normal values.

For case 5, the length to the training phase was 120 seconds. After the training
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Figure 20: SBMPCRBF Case 5 Results. SBMPCRBF successfully adapts to the plant changes at 500 second
intervals, and once converged, low tracking error and output constraint satisfaction is achieved.

Figure 21: SBMPCBPN Case 5 Results. SBMPCBPN adapts to the plant changes. The predicted and desired
curves match, which indicates that neural network prediction error is the cause of the error in tracking
between actual and desired concentrations.
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Table 2: Time Variation of Simulation Plant Dynamics
Time (s) Description Quantitative

Changes
0 to 5000 Normal

boiler
operation

None

500 to 1000 Constricted
air flow

Φmax is 36%
smaller

1000 to 1500 Damp fuel H2O added to
comprise 5%
of fuel mass

1500 to 2000 Smaller
chamber
volume

15% reduction
in volume

phase, the number of hidden units converged to 199. By the end of the simulation, the

number of units had increased to 205.

The data for the fifth case, shown in Figures 19, 20, and 21, indicates that after each

shift in plant dynamics, the neural networks are adapted and prediction errors were

corrected. In Figure 19, Neural GPC exhibited significant and sustained tracking error

due to the u2 input constraint violation that was mentioned in Section 5.1. SBMPCRBF

achieved similar tracking behavior and did not violate the input constraints. Similar

results were produced by SBMPCBPN , and no input constraints were violated. After

each plant change, the neural networks quickly adapt to decrease the prediction error

and, as in Case 4, the improved neural network prediction accuracy leads to lower

computational cost for SBMPCRBF compared to SBMPCBPN .

5.3. Run Time Statistics and Real Time Feasibility

The computational times presented in Table 3 were measured during simulation

execution for both MIMO cases. The timing period begins before the SBMPC or GPC

control routine and ends after control routine has computed the next control input.

Median and worst case performance over each simulation run are presented. Bench-

marking statistics of median and longest CPU times are given. The longest CPU times

reflect the transient solve times that occur initially, and the median CPU times indicate

the computation cost after these transient periods. The control period for this appli-
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cation is 10 seconds, so the measured computational times are all within feasibility

requirements for real time implementation. The real time requirement was met by each

algorithm, but compared to GPC, SBMPC achieved better overall computation perfor-

mance in addition to better tracking performance. Either algorithm could be tuned to

run more quickly, but this comes at the expense of diminished tracking performance.

Table 3: Comparative Run Time Statistics: Cases 4 and 5
Median CPU Times

Plant Configuration Control Algorithm
N. GPC SBMPCRBF SBMPCBPN

Case 4 1780 ms 583 ms 1050 ms
Case 5 1770 ms 790 ms 804 ms

Longest CPU Times

Plant Configuration Control Algorithm
N. GPC SBMPCRBF SBMPCBPN

Case 4 7790 ms 1780 ms 2120 ms
Case 5 7350 ms 4720 ms 7720 ms

5.4. Tuning the Control Algorithms

Compared with the neural network algorithms, the NMPC algorithms involved less

effort to tune. For both SBMPC and GPC the prediction horizon N = 4 was chosen

large enough to limit the overshoot of the transient behavior of the controlled system.

For both algorithms the control horizon NC = 2 was chosen to keep the computations

small.

After these were fixed, the only remaining SBMPC tuning parameter is the bran-

chout factor B. This parameter allows a trade-off between low computational cost

(small B) and low tracking error (large B). The value B = 60 was selected after trial

simulations with various values.

In order to tune the Newton solver of GPC, a solver tolerance ε , iteration limit Imax,

input constraint sharpness s, and damping factor λ were selected. The parameters ε and

Imax allow for a trade-off between computational cost and tracking error, so they were

selected to match the Case 1 steady state tracking error performance of SBMPC. The

parameters s and λ , if not properly selected, led to instability of GPC. The damping
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factor was selected based on trial and error, which was a tedious process because this

search spanned many orders of magnitude before producing stable results. The value of

s= 10−12 suggested in [8] produced stable solver results. Smaller values also produced

stable results, while larger values led to instability. Even though the solver results

were stable in the sense that the Newton solver converged to finite values, no tuning

configuration was found that avoided an input constraint violation under the conditions

of Cases 4 and 5.

6. Conclusions

Adaptive SBMPC, a new approach to adaptive nonlinear model predictive control,

is presented and applied in simulation to a modified nonlinear control problems from

the literature. The SBMPO algorithm for optimization is shown via mathematical proof

to be a complete search algorithm subject to sufficient sampling density and length of

the prediction horizon. Unlike approaches that optimize by linearization, convergence

to a nearly global minimum is achievable even when numerous local minima exist. This

is demonstrated with a global optimization of Rastrigin’s Function, where SBMPC is

shown to outperform an MPC based on SQP optimization.

The nonlinear dynamics of both SISO and MIMO systems were learned and applied

in an identification phase for which open-loop input sequences were applied. Efficient

nonlinear optimization was performed and close reference tracking was achieved. For

comparison, the established NMPC technique, Neural GPC was also implemented.

Through simulated identification and control problems, adaptive SBMPC was shown

to be capable of faster and convergence to a more optimal solution.

The results presented in Case 5 are the first control results of a time-varying MIMO

plant using Neural GPC as well as the first control results for SBMPC implemented

with the BPN neural network model as an alternative to the RBF network. When the

MIMO problem was considered, Neural GPC tended to violate the input constraints,

which led to poor reference tracking. By design, Adaptive SBMPC cannot violate input

constraints and good tracking results were achieved using both types of neural network

structure. Adaptive SBMPC generally achieved better computational times and in the
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worst case did not exceed the control period of 10 seconds.

Results were presented for systems with fixed as well as changing dynamics, which

highlights the adaptive nature of the control system. One limitation of these and other

NMPC approaches is the breakdown due to complexity for large numbers of inputs and

outputs. However, SBMPO is naturally compatible with parallel computation since

it uses a divide-and-conquer approach perform optimization. Node expansion is the

most costly portion of the Adaptive SBMPC algorithm, but these computations can

be implemented in parallel. There is also a possibility for significant computational

improvement with the addition of search heuristics and a parallel implementation of

portions of the algorithm. Within a graph search optimization, a suitable heuristic can

dramatically reduce the number of nodes that are expanded, and performing the edge

cost calculation in parallel on multiple cores could significantly reduce the required run

time per node. Future work includes the incorporation of learned heuristic functions

for problems where no good heuristic is known based on first principles.

Appendix A. SBMPO Algorithm Pseudocode
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Algorithm 1 Calculate input sequence U via SBMPO graph search
Insert root node into the queue with
i← 0
CE,i← 0
ND,i← 0
parenti← NULL
xi← x0
Evaluate heuristic cost
CH,i← HEUR COST EVAL
Pop the top node from the queue
while (ND,top < N)∧ (i < MAX NODES) do

while CE,top = NULL do
Evaluate edge cost
CE,top←CE,parent+EDGE COST EVAL
Re-insert node into queue, sorted by CE +CH
Pop the top node from the queue

end while
Expand by Generating B child nodes
for j ∈ [i+1, i+B) do

Generate input space sample
u j←HALTON SEQUENCE LOOKUP
Integrate the model
x j←MODEL EVAL(u j,xtop)
Evaluate heuristic cost
CH, j← HEUR COST EVAL
CE, j← NULL
ND, j← ND,top +1
parent j← i
Insert node j into queue, sorted by CH

end for
i← i+B
Pop the top node from the queue

end while
Construct the optimal input trajectory
j← top
while ND, j > 0 do

U(ND, j−1) = u j
j← parent j

end while
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Appendix B. SBMPO Soundness and Completeness Proof

This proof of soundness and completeness for the algorithm listed in Appendix

A is loosely based on the procedure in [42], in which soundness and completeness is

derived for a different graph search algorithm. Its culmination, Theorem Appendix

B.6, guarantees that, subject to sufficient depth and breadth of sampling, SBMPO will

find a globally optimal solution.

Assumption Appendix B.1. The heuristic function is optimistic.

Assumption Appendix B.2. All reachable states have finite edge costs.

Assumption Appendix B.3. All edge costs are non-negative.

Lemma Appendix B.4. The Algorithm will terminate in a finite number of steps, re-

turning a path of length N.

Proof.

The root node is inserted only once before the main algorithm loop begins. Each

node, once expanded, is not re-inserted into the queue, and new nodes (other than the

root node) are only inserted by expansion of a parent node. Therefore, each node in the

graph is introduced no more than once. In the case in which every parent node of depth

ND is expanded, there are at most BND nodes of depth ND +1 placed in the queue.

No node of greater depth than the prediction horizon N can be generated, since the

algorithm termination clause would have been reached first. Including node depths 0

through N, there are at most L = ∑
N
ND=0 BND nodes in the entire graph. Since it is a

finite geometric series, L may be equivalently computed as 1−BN+1

1−B . Each time through

the loop, either a node edge cost is computed, a node is expanded, or the algorithm

terminates.

If a node edge cost is computed, the queue size is unchanged after that loop iteration

(i.e., the node is re-inserted). The number of items in the queue without a computed

edge cost, however, decreases by 1. Since each node is introduced no more than once

and each edge cost is computed no more than once, the algorithm must terminate before
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exceeding 2L loop iterations. The returned path is of length N because the algorithm

can only terminate upon selecting a path of length N.

Lemma Appendix B.5. The returned path’s total cost is less than or equal to that of

any path in the graph of length N.

Proof. (By Contradiction.)

Assume that for the selected path, there exists a path P− of length N in the graph

with a lower cost than the path returned by the algorithm. Therefore P− must not be

represented in the sorted queue. Otherwise, it would have been selected instead of the

returned path. The node representing selected path N+ must have been at the top of

the sorted queue (having the lowest total cost in the queue). Because all edge costs

are positive, and a node’s heuristic value is optimistic, every partial path contained in

a path of length N will have a cost less than or equal to the length-N path that contains

it.

Let node N− represent the terminal node of the longest partial path of P− that was

added to the queue. This node must exist because all paths in the graph begin with the

same root node, which represents the initial state. Then N− must have lower total cost

than the node N+ that was selected by the algorithm. Therefore, N− must have been

placed higher in the sorted queue and would have been expanded prior to the selection

of N+, but this yields a contradiction, because the children of node N− would include a

node representing a partial path of P− that is one edge longer that the path represented

by N−. This is not possible because we chose N− to be the longest partial path of P−

that was added to the queue.

Theorem Appendix B.6 (Soundness and Completeness). Upon termination, the SBMPO

algorithm will produce a path of nodes representing a minimal cost trajectory among

those represented by the graph.

Proof. This theorem follows from Lemmas Appendix B.4 and Appendix B.5.
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Appendix C. List of Tuning Parameter Choices

Tables C.4, C.5, C.6, and C.7 give the tuning parameters used in the simulation

for each identification and control method. Unless otherwise noted the same tuning

parameters were used for all three cases.

Table C.4: MRAN Parameter Choices

Symbol Parameter Value(s)

E1 Instantaneous Error
Threshold

0.00209

E2 RMS Error Threshold 0.005

E3 Basis Vector Spacing
Threshold

0.12

E3DEC E3 Geometric Decay
Rate

0.9996

E3MIN E3 Decay Floor 0.03

M RMS Averaging Win-
dow

48

N∗ Max Hidden Units 480

κ Overlap Factor 1.0

q Kalman Step Parameter 0.5

p0 New Parameter Vari-
ance

5.0

R Assumed Sensor Noise
Variance

1.0

Mp,1 Pruning Window 1 800

Mp,2 Pruning Window 2 2000

δp,1 Pruning Threshold 1 2×10−8

δp,2 Pruning Threshold 2 1×10−4
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Table C.5: BPN Parameter Choices

Symbol Parameter Value(s)
NH Hidden Units 19, 39,

39∗

α Learning Rate 5.7
η Momentum Coefficient 5000,

2778.7,
2778.7∗

L Network Gain 0.007
M1 y1 Scaling Multiplier 6.0
B1 y1 Scaling Bias 0.0
M2 y2 Scaling Multiplier 105†

B2 y2 Scaling Bias 0.5†

M3 y3 Scaling Multiplier 2.0†

B3 y3 Scaling Bias 0.0†

∗ Case 1, Case 2, and Case 3, respectively.
† Only applicable to Cases 2 and 3.

Table C.6: SBMPC Parameter Choices

Symbol Parameter Value(s)

B Branchout Factor 60

N Prediction Horizon 10

Nc Control Horizon 2
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Table C.7: GPC Parameter Choices

Symbol Parameter Value(s)
N Prediction Horizon 10
Nc Control Horizon 2
ε Solver Tolerance 10−6

Imax Max Newton Iterations 1500
s Constraint Sharpness 10−15

λ Damping Factor 4×10−3,
9×109,
9×109*

*Case 1, Case 2, and Case 3, respectively.
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