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Abstract—Current legged robotic platforms’ maximum perfor-
mance is typically defined by power limits, primarily in terms of
the limited power density of motors. To simplify the mechanical
and electrical design process many designers use the same motors
at each joint. However, the leg kinematics also impact the power
output, and to maximize the total work done an even work
distribution among the motors is beneficial. By examining the
work percentage between the actuators for several kinematic
configurations and across several gaits, we demonstrate the
application of an additional design metric for leg kinematics as
well as a dynamically inspired leg design procedure.

I. INTRODUCTION

Biology provides numerous examples of highly dynamic
legged locomotion, capable of both rapid, efficient steady
state motion as well as nimble agile maneuvers such as leaps
and rapid turns. To enable these divergent behaviors, animals
generally use legs with multiple degrees of freedom (DOF),
highly specialized muscles, and a range of unique gaits.

Robotic platforms are beginning to approach both the limb
versatility and locomotive performance of biology. Recent
examples include MIT’s Cheetah [1], with 3DOF per limb,
can run at 6.00 m/s [2] while also being capable of jumping
over 0.4 m obstacles [3]. Other platforms, such as ANYmal,
are able to traverse at a top speed of 0.8m/s while also
having the limb dexterity to manipulate objects [4]. To achieve
this performance, several distinct leg morphologies have been
applied, including the RR leg (implemented on ANYmal [4],
STARleth [5], KOLT [6], and HyQ [7]) and the symmetric 5
bar leg (implemented on Minitaur [8] and MIT’s Super Mini
Cheetah [9]).

While these divergent morphologies enable these platforms
impressive locomotion, current actuators combined with the
specific leg kinematics define the dynamic limits of perfor-
mance. Since the most power dense brushless DC motors do
not provide the power density of biological muscles [10], there
is high priority to utilize all the available actuator power to
extend the upper dynamic limits. Designers typically focus on
utilizing the most power dense actuators, which is a necessity
to achieving highly dynamic behavior, but the leg kinematics
themselves can impact the dynamic limits as significantly as
the actuators.

Fundamentally, the general approach taken for the design
of higher DOF leg has been similar to that of manipulators,
where workspace and kinematic motor constraints are the

Fig. 1: The leg kinematics examined. a). The revolute revolute
(RR) kinematics, defined by directly actuating the hip (θ1) and
the knee (θ2) b). The symmetric 5 bar design which has both
motors at the hip which actuate θ1 and θ2 and reduces the
distal mass of the leg. c). Generic 5 bar design where the
thigh (θ1) and the crank (θ2) are actuated.

consideration in defining a leg morphology. Some additional
dynamic constraints, like reduction of distal mass [1] or
maximum transduction of battery power [11], have been
considered, but even with these, the primary limiting factor
of performance (the mechanical limits of power density) is
not directly addressed.

Some recent studies have attempted to provide insights
into this problem. Abate et al. [12] examined the amount
of antagonism within a mechanism during locomotion, but
this study was limited to a single gait, constrained the link
lengths, and was solved via optimization which limits the
generality of the results. Bhounshule et al. [13] examined
this problem for walking gaits, primary within one DOF for
actuation and optimized for several forms of efficiency. Using
a reduced order simulation, Miller et al. [14] examined work
percentage between a torsional and prismatic actuator across
several distinct running styles, but restricted the study to a
revolute prismatic (RP) leg morphology.

In this paper, we explore how work percentage of each
actuator changes with linkage morphology and kinematics,
specifically examining the planar two DOF morphologies
shown in Fig. 1. We examine how different gait strategies have
different energetic requirements, how these are changed by
different kinematic configurations and morphologies. Finally,
we discuss and apply our dynamically inspired design process
to achieve a near optimal solution for work percentage.



II. DYNAMIC LEG DESIGN APPROACH

The goal of proposed design approach is to determine
the linkage configuration which achieves the desired balance
between the individual motors output over a range of dynamic
behaviors. This is accomplished by generating baseline tra-
jectory and ground reaction force data (in this case from an
abstracted running model) for a range of gaits. This data is then
mapped into torque and angular velocity of the motors within
the mechanisms studied (for all viable linkage configurations
within a predefined space), which can then be used to calculate
work done by each motor. The work percentage for each
linkage length and gait can then be mapped and overlaid,
which will enable the regions which are near the desired work
percentage to be defined.

A. Reduced Order Model

To begin the leg design process, a range of gaits or dynamic
behaviors is simulated using the generic revolute prismatic
(RP) leg morphology characteristic of the reduced order mod-
els which have been shown to capture the ground reaction
forces of biological locomotion [15]–[17]. Specifically, the
compliant leg model [17] will be used as it has been shown
to instantiate the dynamics of both walking and running. The
compliant leg model consists of a RP leg, as shown in Fig. 2
which shows the generalized version including actuators at
both joints.

B. Relation of work to Jacobian

The next step is to map the end effector forces and trajectory
to the desired leg morphology by using the concept of virtual
legs [18], [19] and force control. All the leg morphologies
considered can directly reproduce the end effector forces and
trajectories of the RP leg, including the effect of the linear
springs as long as there is sufficient mechanical transparency
within the motors. This is accomplished by mapping the
end effector forces (FEE ) to the motor torques (τ) via the
manipulator Jacobian (J), following

τ = J(q)T FEE (1)

where q is the joint positions which are determined from the
inverse kinematics of the specific morphology and the end
effector position of the leg.

The third step is to determine the work percentage for a
range of linkage lengths, which allows the output of the motors
in our system to be maximized. Many recent systems, like
ANYmal and Minitaur [4], [8], use the same actuator at each
joint, which might not be optimal for work output [14] but
simplifies the mechanical and electrical design. With these
symmetric actuators, the ideal ratio of work would be a 50/50
work distribution.

The work done by a motor (Wi) is defined by

Wi =
∫

τi(t)θ̇i(t)dt (2)

where τi(t) is the torque of motor i as a function of time, θi(t)
is the position of motor i as a function of time. Eq. 1 provides a
relation between end effector forces and motor torques, while

θ̇(t) = J(q)−1ĖE (3)

provides a relation between the end effector velocity (ĖE) and
the motor velocities (θ̇(t)). These relations enable the work
from each motor to be determined in a similar formulation as
the power was determined in Abate et al. [12]. From Eq. 1
and 3, for a given foot trajectory and force profile, the work
done by each actuator is defined by the corresponding row of
the Jacobian.

Once the work from each motor is determined, the ratio of
the work done by each motor will be determined using

W% =
W1

W1 +W2
(4)

where W% is the work percentage, W1 is the work done
by motor 1 and W2 is the work done by motor 2. Eq. 4
produces a value between 0 and 1, where numbers less than
0.5 correspond to more work being done by motor 2 while
numbers greater than 0.5 correspond to more work being done
by motor 1.

C. Leg Kinematics Selection

With the creation of work percentage maps for several
unique dynamic gaits or tasks, the range of kinematic con-
figurations which are close to the desired ratio can be defined.
The regions which overlap all the desired dynamic tasks have
a workspace sufficient for all the defined tasks. The specific
motor limits and other design constraints can then be applied
to these configurations to select the final leg design.

III. CASE STUDY OF LEG DESIGN APPROACH

In order to examine the work percentage of various mech-
anisms across multiple gaits, we require a baseline foot
trajectory and ground reaction force profile. To generate more
realistic profiles, a Matlab Simscape Multibody model, which
includes impact and friction losses as well as leg inertia, will
be utilized.

To approximate the compliant leg model, a bipedal RP leg
model was developed, where the body is constrained to move
in the sagittal plane. In order to facilitate comparison with a
physical system, the model uses parameters from Minitaur,
such as a 0.2m nominal leg length and half the mass of
Minitaur at 2.5 kg. A complete list of the physical parameters
of the model is shown in Table I.

A. Controller

Since the Simscape model is not energetically conservative,
some form of control will need to be implemented to replace
the energy lost. The controller derived in Miller et. al [14]
was implemented in this study as it allows direct regulation
of energy addition from both the prismatic and torsional
actuators.

The controller consists of feedforward trajectories for both
the prismatic and revolute joint, which when combined with



TABLE I: Characterization of Distinct Gaits

Walk
Upright Upright Max Step Shuffle

Run 2Hz Run 4Hz Run 4Hz Run 4Hz
Mass (kg) 2.5
Nominal Leg Length (m) 0.2
Nominal Leg Angle (deg) 85 70 70 30 110
kL (Nm−1) 600
kR(Nmrad−1) 30
bL (Nsm−1) 7.8
bR (Nmsrad−1) 1.7
Stroke Length (m) 0.04 0.05 0.05 0.05 0.08
Sweep Angle (deg) 10 45 45 90 15
Actuator Frequency (Hz) 1.0 2.0 4.0 4.0 4.0

Fig. 2: The foot trajectories of the various gaits explored. The
trajectories positions are defined relative to the hip, which
moves with the COM.

series springs, provides energy addition. The trajectories are
defined as sinusoids, therefore the magnitude of the energy
addition is regulated by the amplitude of the sinusoids. In
addition to this, the nominal rest position can be arbitrarily
changed.

B. Distinct Gaits

Five distinct gaits will be examined in this study, which
are chosen to span a range of desired behaviors. The first of
these will be a walking gait, which is defined by significant
double support phases and a double peak ground reaction force
profile. The walking gait has a nominal TD angle β (shown in
Fig. 1b) of 85 deg, an actuation frequency of 1 Hz, and low
amplitude rest length variation. A walking gait is exhibited in
virtually every biological system, and in biology is the lowest
power input gait.

The next two gaits are both upright running gaits at two
distinct actuations frequencies. The upright running gait has
a moderate TD angle β of 70 deg combined with actuation
frequencies of 2 and 4 Hz produces small flight phases. The

gaits produced by this are nearly symmetric around the vertical
axis, meaning liftoff occurs at approximately 110 deg. These
gaits would be the rough equivalent of a human jogging, which
is an efficient, but not fast, running gait.

The next gait was set up to maximize stride length, with
a TD angle β of 30 deg. This, combined with an actuation
frequency of 4 Hz, produces the fastest gait, or the human
equivalent of sprinting. The actuation amplitudes for this gait
are the largest of any of the gaits examined.

The final gait examined is a shuffle running gait, which has
a TD angle β of 110 deg (behind the body). This behavior
can be thought of as falling forward and continually catching
yourself with the next foot. The foot trajectories for each of
these 5 gaits are shown in Fig. 2.

C. Kinematics Examined

The legged robotic platforms which have been able to
approach the locomotive speed and flexibility of biological
systems have used a range of leg morphologies, which we will
examine in this study. While many of the platforms discussed
added a third DOF which controlled adduction, this study
will remain focused on the sagittal plane leg kinematics. The
first is the RP leg configuration demonstrated by SCOUT II
robot [20]. As previously mentioned, the RP leg will be the
base leg configuration, since it corresponds directly to the
reduced order models for running.

The next configuration examined will be the Revolute Rev-
olute (RR) leg, shown in Fig. 1a, which has been implemented
on numerous platforms including ANYmal [4], STARleth [5],
KOLT [6], and HyQ [7]. The RR leg is defined by direct
actuation of the hip and the knee, the joints labeled by θ1 and
θ2 respectively. The leg kinematics have 2 DOF, the length
from the hip to the knee labeled L1, and the length from the
knee to the toe, labeled L2.

The third configuration examined is the symmetric 5 bar
design, shown in Fig. 1b, which has been implemented on
Minitaur [8] and MIT’s Super Mini Cheetah [9]. The 5 bar
design has both motors at the hip, which reduces the distal
mass and enables a faster flight reset. The kinematics exam-
ined here will be simplifications of both the Minitaur design
(ignoring the toe) and the Super Mini Cheetah design (ignoring
the offset between the motors). With these simplifications, the
kinematics are defined by the link lengths L1 and L2.

The final configuration examined is a generic 5 bar design
including a toe, shown in Fig. 1c., which is being investigated
for a new large scale dynamic platform. The leg is actuated at
the joints defined by θ1 and θ2. This design is the generaliza-
tion of the symmetric 5 bar seen on minitaur, with each link
in the kinematics being an independent length. Another way
to view the leg is an RR leg where the knee joint is driven by
a 4 bar. While there are 6 DOF to these kinematics, for this
study, we fix all but L3 and L4.

D. Jacobians

In order to calculate the work of each motor, the Jacobian
of each leg morphology is required. The Jacobian was derived



TABLE II: Performance Characteristics of RP Leg Gaits

Walk
Upright Upright Max Step Shuffle

Run 2Hz Run 4Hz Run 4Hz Run 4Hz
Mean Vel. (ms−1) 0.097 1.11 2.08 4.90 1.14
Stride Length (m) 0.10 0.56 0.52 1.23 0.29
Work Percentage 0.88 0.41 0.22 0.48 0.46
Cost of Transport 0.93 0.30 0.28 0.38 0.29
Power In (W ) 2.22 8.29 14.03 45.47 8.00

to relate the motor velocities to the velocities in the polar
(RP) coordinate frame, and thus was determined by taking the
partial derivatives of the forward kinematic expressions, taking
the form of Eq. 5.

J =

[
∂L
∂θ1

∂L
∂θ2

∂θ

∂θ1
∂θ

∂θ2

]
(5)

IV. RESULTS

A. Gait Characterization

The gaits implemented on the SimScape model were char-
acterized to define a baseline for the other leg morphologies.
Because of the control strategy utilized, the motion of the
leg and center of mass does not change based on the leg
morphology, so the mean velocity and stride length will
not change. Comparing these parameters across the gaits,
a reasonable span performance was achieved as shown in
Table II. The slowest gait as expected was the walking gait,
which was an order of magnitude slower than the other gaits,
while the fastest gait was the maximum step length run gait.

The performance parameters which change based on kine-
matic configuration are work percentage, the average power
input for both motors (Pin), and Cost of Transport ( Pin

mgv ), so
the RP leg forms a baseline for the style of input and efficiency
of these gaits. The walking gait has a work percentage over
0.5 which corresponds to a primarily prismatic work, while all
the other gaits are below 0.5 corresponding to more torsional
work, with the upright run at 4 Hz being primarily torsional.

The most efficient gait was the upright run at 4Hz, but the
efficiency of the shuffle run and the upright run at 2Hz were
virtually equivalent. The least efficient run was the max step
length run, which while very fast required the most power
input.

B. Work Percentage Results

Figure 3 shows the work percentage of all kinematically
viable linkage lengths for each of the configurations examined
across a range of gaits. Each point in the length space
was tested and determined to be viable if every point in
the trajectory was within the workspace of the mechanism.
Additionally, any points with a COT above 5 were removed
as the configuration would be working near a singularity (or
is in some way undesirable).

Within each subfigure, the mean value and span of the work
percentage will be examined. The mean value and standard
deviation from that mean provides insight into which motor is

doing the majority of work, with a value near 0.5 indicating
that the work load is balanced evenly. The span provides a
numerical measure of the impact of changing the link lengths
has on the work percentage, with larger span values translating
to more significant impact of varying the linkage.

1) RR Leg Results: The RR leg work percentage, shown
in left column of Fig. 3, was more dramatically affected by
the gait implemented rather than the kinematic configuration.
The average work percentage of the walking (0.13±0.01) and
the shuffle running gaits (0.29± 0.11) were primarily under
0.5, meaning that motor 2 at the knee did more work, while
only the upright run at 4 Hz (0.76 ± 0.06) had significant
variation above a work percentage of 0.5. The upright run at
2Hz (0.58± 0.03) and the max step length run (0.55± 0.01)
work percentage range for viable gaits fall almost entirely
within a desirable range of 0.5±0.1.

The span of the work percentage is greatest for the shuffle
run (0.44) and 4Hz Upright Run (0.27), while the walk (0.05),
2Hz upright run (0.11), and max step length run (0.07) varied
significantly less.

2) Symmetric 5 Bar Results: The symmetric 5 bar work
percentage, shown in the middle column of Fig. 3, was also
affected more by gait selection than leg geometry, with some
gaits having virtually no change based on configuration. The
work percentage of the shuffle running gaits (0.24 ± 0.06)
was the only gait which had a significant variation from
0.5, with the trailing motor doing more work. The walk
(0.54±0.13), upright run at 2Hz (0.51±0.00), 4 Hz upright
run (0.504±0.01) and the max step length run (0.61±0.03)
work percentage range for viable gaits fall almost entirely
within a 0.5±0.1.

The span of the work percentage is greatest for the shuffle
run (0.23), while the upright running gaits span were negligible
at 0.01 and 0.03 for the 2Hz and 4Hz gaits respectively.
The walking gait (0.13) and max step length (0.14) have
intermediate spans.

3) Generic 5 Bar Results: The generic 5 bar work per-
centage, shown in the right column of Fig. 3, had noticeable
variation based on the kinematics, with some additional vari-
ation based on the gait implemented. The work percentage
of the shuffle running gaits (0.24± 0.09) was the only gait
which had a significant variation from 0.5, with the knee motor
doing more work. The walk (0.42±0.13), upright run at 2Hz
(0.51±0.03), 4 Hz upright run (0.56±0.07) and the max step
length run (0.58±0.02) work percentage range for viable gaits
fall almost entirely within a 0.5±0.1.

The span of the work percentage is greatest for the walking
gait (0.49), but all of the gaits had spans over 0.1.

V. DISCUSSION

A. Comparison of Linkage Morphologies

From examination of the work percentage distributions com-
bined with the span of the work percentage values, the amount
of influence changing the kinematics can be quantified and
compared. The RR leg had several gaits which had a sub 0.1
span, which means changing kinematics will only marginally



Fig. 3: Work Percentage for varying kinematic configurations. The left column is the RR leg results across the previously
described gaits. The middle column is the symmetric 5 bar which has minimal variation within gaits. The right column is the
generic 5 bar which has the most in gait variation.



Fig. 4: Overlap of work percentage regions near an even work distribution. The top row is the overlap from 45/55 to 55/45,
which is the preferred range for the higher energy running gaits. Since there was not a region with all 5 gaits, this range was
expanded to 40/60 to 60/40 which is shown in the bottom row. The mean work percentage for each subfigure is given as well

change the work output, but the shuffle run and upright run had
spans over 0.25. Running gaits are more likely to be limited
or unachievable because of power limitations, thus choosing
the a configuration which more closely approaches 50/50 is
more important.

The symmetric 5 bar leg span values were low, which
suggests that changing the configuration does not impact the
work done by the motors. Since by definition, the constrained
configuration is symmetric, it was expected that changing the
linkage length might have a less significant impact.

The generic 5 bar span values were all above 0.1, which
means the kinematic linkages chosen for study have significant
impact on the overall performance. Because of this flexibility,
there are regions with poor work percentage near regions with
desirable work percentage.

B. Linkage Design Methodology

To choose a linkage configuration that achieves the desired
maximal motor performance, the regions which gaits are
within a fixed percentage of a 50/50 work distribution are
plotted, specifically focusing on overlaps. Any region that can
achieve all 5 gaits would then define the desired design space,
with the linkage lengths then being ensured to have sufficient
workspace to execute all the desired gaits. By enforcing
a limit of the COT, the desired gaits are also ensured to
avoid singularities during locomotion, as motor usage increase
exponentially near singularities.

The overlap of these near optimal solutions are shown in
Fig. 4, which shown the regions with work percentage ranging

from 45/55 to 55/45 on the top and 40/60 to 60/40 on the
bottom. Examining the RR leg regions, Fig. 4a and d, we
see that there is no region with all 5 gaits, which means
the trade-offs between the gaits will have to be considered to
determine the desired kinematic space. From Fig. 3, there is
not a kinematic configuration which shifts the work percentage
of walking within the desired region, but walking is the least
likely gait to be power limited, so this might not be significant
to the designer. Since the highest overlap between the gaits
in the ±10% is three gaits, the specific gaits which defined
those three link length regions are labeled in Fig. 4d. As the
designer, you could choose to prioritize the more efficient
shuffle running gait region above than the faster high frequency
upright run.

Examining the overlap for the symmetric 5 bar, shown in
Fig. 4b and e, there is a small region in the ±5% plots, defined
by the max step length run, where 4 gaits overlap. Since the
max step length gait requires the most work and power in,
this gait is the most critical for maximizing the motor output.
Since the shuffle gaits does not have a region close to 50/50
work percentage, the ±10% does not have a region with 5
gaits. Since the shuffle running gait is the lowest power gait,
there is a lower priority to reach a 50/50 work distribution,
but this does limit the maximum achievable performance with
this gait style.

The overlap region of the generic 5 bar for the ±5%, shown
in Fig. 4c, has 2 regions with an overlap of 3 gaits, which are
defined by the max step length run and the walking gait. Since



the walking gait is not critical for maximizing performance,
the max step length region should be preferred. Extending the
bounds for overlap to ±10% (Fig. 4f), there are 2 regions 4
gaits, which are defined by the shuffle gait and the overlap of
the max step length run and walking gait. However, the region
defined by shuffle running is close to the region defined by
max step length run at the reduced bounds (Fig. 4c).

VI. CONCLUSION AND FUTURE WORK

In this paper, a new dynamically-based leg design method
was presented. By using force control on the leg and virtual
leg mapping, forces and trajectories from an RP leg can be
mapped to any kinematic configuration. Then by choosing a
range of behaviors (ranging from walking to sprinting) and
by examining the overlap of regions with desirable work
percentage, a near optimal leg design could be determined.
This design would ensure sufficient workspace to execute a
range of dynamic behaviors, and then by imposing efficiency
constraints could avoid singularities.

A case study of several common kinematic configurations
was examined over a range of dynamic gaits as linkage
lengths were varied. Comparison of the work percentage
between the various gaits of the symmetric 5 bar, with the
inherently defined symmetry, was not significantly impacted
by modification of the link lengths. With its additional design
flexibility, the work percentage of the generic 5 bar design was
more strongly influenced by the leg morphology.

The design process was then applied, examining the gait
overlap regions of the three linkage configurations. This
demonstrated that designer input would be required to select
a specific configurations, as no kinematic configuration had
overlap of all 5 gaits. Furthermore, there is varying priority
to achieve an optimal work percentage with various gaits,
depending on the desired application.

Future work includes replicating the design process with
experimental data rather than simulation data, thus ensuring
more of the actual motor loads are captured. A complete de-
sign process could be demonstrated, including motor selection
and motor limits. This study could also examine the work
percentage of a given linkage configuration across the multiple
gaits, with the goal to determine the optimal motors. Finally,
the resulting designs could be built to verify the improved
limit of performance by utilizing all available motor power.
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