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Abstract

An important application of neural networks is the
identification of the dynamics of a nonlinear system
with no known closed-form model, especially a system
whose dynamic behavior may change with time. When
this is done quickly and robustly, the model may be
used for closed-loop Nonlinear Model Predictive Con-
trol (NMPC). NMPC methods that rely on linearization
about an equilibrium point or excessive parameter tun-
ing require a priori information that limits the robust-
ness of those methods for a system with changing dy-
namic behavior. This paper presents a novel method
for adaptive NMPC of multiple input, multiple output
(MIMO) systems, called Sampling Based Model Predic-
tive Control (SBMPC) that, like most MPC approaches,
has the ability to enforce hard constraints on the system
inputs and states. However, unlike other NMPC meth-
ods, it does not rely on linearizing the system or gradi-
ent based optimization. Instead, it discretizes the input
space to the model via pseudo-random sampling and
feeds the sampled inputs through the nonlinear plant,
hence producing a graph for which an optimal path can
be found using an efficient graph search method such
as A∗ optimization. Although SBMPC can be applied
to any form of a nonlinear model, here a radial basis
function neural network is used to model the nonlinear
system due to its ability to represent a very general class
of nonlinear systems. Using the Minimal Resource Al-
location Network (MRAN) learning algorithm, the neu-
ral network size and parameter values may be adjusted
even while the controller is active. After presenting the
general methodology, Adaptive SBMPC is used in sim-
ulation to control the chemical concentrations of flue
gas exiting a steam boiler’s combustion chamber, rep-
resented by a 3-state time-varying nonlinear model with
two inputs and three outputs.

1. INTRODUCTION

Model Predictive Control (MPC) is widely used in
industry over a range of applications differing in time
scale and model complexity [1]. MPC operates by
producing a future sequence of control inputs and the
corresponding output trajectory that optimizes a cost
function, requiring an internal model that represents
the system to be controlled. Receding horizon MPC
approaches use this model to predict several steps in
the future while implementing only the immediate next
step.

Although most MPC implementations use linear
models, nonlinear models allow for better performance
over a wider operating range [2][3]. Furthermore, adap-
tive Nonlinear MPC (NMPC) provides the additional
benefit of enabling the model to be updated as plant dy-
namics change.

Constraints on inputs and outputs may be appro-
priate in order to maintain feasible trajectories, ensure
safe operating levels, or regulate environmental pollu-
tants. Industry demand for handling hard constraints
has steadily increased, and MPC is among the few con-
trol techniques that are suitable to handle these con-
straints [4].

The Generalized Predictive Control (GPC) method
[5] was the first to merge adaptive control techniques
with MPC. GPC handles plants with changing dynam-
ics by using an adaptive linear model and performs well
despite unknown time delays, which is an advantage of
MPC approaches. One particular disadvantage of GPC
over other MPC methods is that there is no guarantee
that hard input and output constraints will be met. Al-
though Clarke mentions the potential of modification to
handle constraints, neither the original GPC nor any of
the nonlinear GPC extensions mentioned below guaran-
tee constraint satisfaction.

When implementing MPC, the model that is used
for prediction is obtained in one of several ways. While
some take the model to be specified a priori [6][7][8], it
is often practical to perform system identification and
fit a model from observed input output behavior [5].
The neural network pattern recognition paradigm is use-
ful for representing general nonlinear system behavior,
which is done by using computational building blocks
called hidden units or neurons. It is possible to capture
nonlinear system behavior by training and updating a
neural network to predict the future response of the sys-
tem based on past observations.

GPC has been extended to nonlinear systems us-
ing neural network models. The Neural GPC algorithm
enables control of a single input single output (SISO)
plant [9]. It uses a network with fixed parameters af-



ter the learning phase ends and hence is not an adap-
tive control algorithm. The Neural GPC algorithm has
been applied experimentally to a SISO nonlinear mag-
netic levitation system using a network with only three
computational units in the hidden layer [10]. Another
neural-network-based NMPC approach called Explicit
Black Box NMPC was recently introduced but is also
a SISO result that does not utilize the adaptive capabil-
ity of a neural network model [11]. Adaptive Predic-
tive Control performs NMPC using neural networks for
both identification and control [12]. Like the other neu-
ral network results, the plant controlled by this method
is SISO.

NMPC has also been applied to nonlinear systems
identified without the use of neural networks. Fuzzy
GPC is applied to the SISO, nonlinear, simple inverted
pendulum [13], and Wuxi et al. present an adaptive
Fuzzy GPC implementation that controls a nonlinear
time-varying SISO plant [14]. In each case, the methods
based on nonlinear Fuzzy models are described as com-
putationally costly. This is due to the intensive compu-
tational effort required to solve Diophantine equations
required in the GPC optimization.

This paper develops an adaptive NMPC approach
known as Adaptive Sampling Based Model Predic-
tive Control (Adaptive SBMPC). The optimization ap-
proach, which discretizes the input space using sam-
pling, does not require gradient computation and easily
handles the changes in model structure that occur as a
neural network grows or shrinks. The approach intro-
duced here is very general and has potential application
in a wide variety of domains, including process control,
automotive engine control, power system control, and
robot motion planning.

Sampling Based Model Predictive Optimization,
the optimization portion of SBMPC, has been success-
fully applied to trajectory generation for robot systems
with highly nonlinear plant dynamics [15]. However, in
those applications, the dynamics were well known and
modeled analytically. In addition, a receding horizon
was not used. In this research SBMPO is used with a re-
ceding horizon, hence becoming SBMPC. More impor-
tantly, the nonlinear model is identified online and up-
dated while the system is being controlled. Hence, this
is the first adaptive form of SBMPC and it is demon-
strated that this method is feasible for real time imple-
mentation.

To model nonlinear dynamics, we employ a special
class of neural networks, called the Radial Basis Func-
tion (RBF) network, which has been shown to be gen-
eral enough to represent arbitrary nonlinear functions
of multiple variables [16][17]. In this research an RBF
network is trained and adapted online using the Min-

Figure 1. Block Diagram of Adaptive SBMPC.
The control task is to provide inputs u to the
plant such that outputs y match a reference tra-
jectory. The neural network model is identified
online and provides the prediction information
needed by SBMPC to perform the MPC opti-
mization.

imal Resource Allocation Network (MRAN) learning
algorithm [18] to produce high-fidelity nonlinear mod-
els from limited sequences of training data.

2. Methodology

The Adaptive SBMPC approach to nonlinear MPC
consists of identification of an approximate system
model during the learning phase followed by simultane-
ous identification and control during the control phase.
As shown in Fig. 1, a neural network is used to model
the plant dynamics and SBMPC is used to generate ac-
tuation signals to control the plant. A summary of the
MRAN identification algorithm and the details of the
SBMPC methodology is described below, a full descrip-
tion of the MRAN algorithm may be found in [18].

2.1. The MRAN Identification Network

The Minimal Resource Allocation Network
(MRAN) algorithm implemented in this research was
developed by Yingwei et al. and is fully described in
[18]. It is based on the Resource Allocation Network
algorithm, a general method for function approximation
[19]. The advantage over other methods is that the
network eventually reaches a constant size despite
increasing the length of the training set. Yingwei et
al. extended RAN to MRAN by adding a pruning step.
MRAN has been applied here to process control, but it



is sufficiently general to represent many other systems
with little or no alteration of the algorithm’s tuning
parameters.

Figure 2. Minimal Resource Allocation Net-
work Flowchart. The MRAN algorithm learns
the number of hidden units needed to repre-
sent the system and continually refines the pa-
rameters of each hidden unit.

2.1.1. MRAN Methodology. The MRAN algorithm,
depicted in Fig. 2, begins with an empty network
(N = 0) and uses prediction error criteria at each time
step k to determine whether an additional hidden unit
is necessary to represent the system. In each algorithm
iteration, the network is refined to reduce prediction er-
ror either via addition of a hidden unit or an Extended
Kalman Filter (EKF) adjustment of the parameter vec-
tor of all current hidden units. Hidden units that have
low relative contribution over a designated number of
time steps Mp are removed from the network in the
pruning stage.

This research extends the MRAN pruning logic by
allowing multiple pruning criteria, each represented by
a significance threshold δp,k and consecutive limit Mp,k.
If any one of these criteria is met by a given hidden
unit, the unit is pruned. By allowing for pruning be-
havior that specifies both fast-acting pruning behavior
(with smaller δp,k) and long-acting pruning behavior
(with larger δp,k), the multistage approach to pruning
gives more flexibility to trade off network size and pre-
diction accuracy.

Control systems based on system identification typ-
ically have a learning phase, during which an excitation
signal is input to the system in open loop in order to
initially model its dynamics. Some real systems, how-
ever, could potentially produce undesirable outputs if
the command signal is purely open loop. In these cases,
it is helpful to employ a low level controller that is ac-
tive during the learning phase to prevent unsafe or un-

desirable states.

2.2. Sampling Based Model Prediction Control

Figure 3. Sampling Based Model Predictive
Control Summary. The algorithm discretizes
the input space and makes model-based state
predictions, x̂k+ j, in order to minimize a cost
function.

As a means of solving Model Predictive Optimiza-
tion problems without computing gradients, Sampling
Based Model Predictive Control (SBMPC) has been
developed and implemented on experimental platforms
[20][21][22]. SBMPC may be applied to solve the non-
linear optimization problem,

min
{u(k),...,u(k+N−1)}

N−1

∑
i=0

C (y(k+ i+1)− r(k+ i+1)) (1)

where the cost function C(•) ≥ 0, subject to the non-
linear state space equations,

x(k+ i) = g(x(k+ i−1),u(k+ i−1)), (2)
y(k) = h(x(k)), (3)

and the constraints,

x(k+ i) ∈ X f ree ∀ i≤ N, (4)
u(k+ i) ∈ U f ree ∀ i≤ N, (5)

where r(k) is the reference input and X f ree and U f ree
represent the states and inputs respectively that do not
violate any of the problem constraints. SBMPC is de-
scribed in Fig. 3 and is easily applied to both linear and
nonlinear models, combining techniques for sampling
the input domain with an efficient graph search method



Figure 4. SBMPC Search Graph. The graph is
built by expanding the most promising node to
generate B child nodes. Each child node is as-
signed an input sample, which is propagated
forward through the model to predict a state for
that node. The potential cost of reaching that
state is used to prioritize the nodes and select
the most promising candidate for the next iter-
ation of expansion.

such as A∗. The details of SBMPC are given in [22].
Below, two aspects of SBMPC are emphasized.

2.2.1. Sampling the Input Domain. The field of path
planning in robotics has seen recent innovations that
have used sampling techniques [23][24]. SBMPC in-
volves the sampling of the space of allowable inputs.
Halton sampling, in particular, is a method based on
the low-discrepancy Halton sequences that has been
shown to provide representative sample sets consist-
ing of fewer points than sets generated using pseudo-
random numbers or regular grids [25][26]. Satisfaction
of input constraints is automatic, since it is the allow-
able inputs that are sampled, and since the inputs are
propagated forward through the model, no inversion of
the model is needed.

2.2.2. The Graph Search. Using the current state and
input samples, several nodes are computed by propa-
gating the model and added to a graph with tree con-
nectivity, as illustrated in Fig. 4. The branchout factor
B, a tuning parameter of the algorithm, determines how
many child nodes are generated when a particular par-
ent node is expanded.

3. Simulation and Results

The Adaptive SBMPC identification and control
system is implemented in simulation as the control sys-
tem for a steam boiler. The PK 401 boiler, used for
power generation of up to 200 megawatts, has a com-
bustion process that has been modeled by Čretnik [27].

For this research, two inputs and three outputs are con-
sidered. The first input, the air flow damper angle
φ ∈ [0◦,90◦] determines the volume flow rate of air, Φ

(m3/s), according to the relationship

Φ =


Φmax

2 exp
(

φ−45
15

)
, 0◦ ≤ φ ≤ 45◦,

Φmax
2

(
2− exp

(
45−φ

15

))
, 45◦ < φ ≤ 90◦,

(6)
where Φmax specifies the air flow when the damper
is fully open. This nonlinear damper-to-flow relation-
ship is used by Čretnik in [28]. Air is assumed to be
composed of 79% nitrogen and 21% oxygen. Below,
the second input, fuel mass rate Φ f , is prescribed over
time as an exogenous input in Case 1, but specified by
SBMPC as a control input in Cases 2 and 3. The out-
puts to be controlled are the flue volume concentrations
of oxygen, carbon dioxide and carbon monoxide.

The dynamic equations are

ẋO2 =
−xO2

(
Φ+Φ f (Vd−VO)+21Φ−100VOΦ f

)
V

,

(7)

ẋCO =
−xCO

(
Φ+Φ f (Vd−VO)+1.866ax f

c Φ f

)
V

, (8)

ẋCO2 =
−xCO2

(
Φ+Φ f (Vd−VO)+1.866(1−a)x f

c Φ f

)
V

,

(9)
where xO2 , xCO, xCO2 ∈ [0%,100%] are flue gas con-
centrations, Vd (m3/kg) is the theoretical volume of gas
produced by the combustion of 1 kg of fuel, VO (m3/kg)
is the theoretical volume of O2 needed for total com-
bustion of 1 kg of fuel, a is the fraction of Carbon that
reacts to form CO, x f

C is the Carbon fraction of the fuel
mass, and V (m3) is the chamber volume.

3.1. Case 1: Time-Invariant Problem

The first simulated case is the problem addressed
by Grancharova et al. in Problem P3 of [29], in which
only the mechanical efficiency of the burner is consid-
ered for optimization. In this case, Φ f is specified exter-
nally, and only a single control input φ is used. The con-
trol task is to seek the concentration of oxygen xO2 in the
flue gas that is optimal for burning efficiency xO2,opt, a
value that is prescribed as a function of Φ f . The cost
function being optimized is

Cmec =
(
xO2 − xO2,opt

)2
, (10)

and control signals are determined by sampling inputs
in bounded increments such that

−3◦ ≤ ∆φ ≤ 3◦ (11)



(a)

(b)

Figure 5. Case 1 Results—Step Tracking.The
reference input was tracked using SBMPC. The
input trajectory generated using uniform sam-
ple distribution (a) was improved by nonuni-
form sampling (b) with more density around
∆u = 0.

in any two consecutive time steps.
The values used for input and output order param-

eters of (??) were n = m = 1. After training the neural
network using 60 time steps of plant excitation using
uniform white noise inputs, the number of hidden units
converged to 19. By the end of simulation Case 1, the
number of hidden units was still 19. Adaptive SBMPC
applied the learned model to successfully track the ref-
erence signal. Figure 5 shows results from two run
configurations and presents an advantage of nonuniform
sampling. The uniform Halton sampling distribution s
(si ∈ [−3,3]) is transformed using a cubic function

s′i = 3
( si

3

)3
(12)

such that s′ has greatest density near zero. The Figure
5 results and subsequent data plots were obtained us-
ing B = 60. Although increasing the B factor would
yield a more optimal trajectory, simply increasing B to
achieve higher sampling density causes an exponential
increase in complexity. Nonuniform sampling achieves
the required density around zero for near-optimal per-
formance while still allowing for sufficient coverage
across the whole sampling range. For this problem,
in addition to generating a smoother trajectory with
smaller error, the nonunifom sampling scheme does not
significantly increase the SBMPC computation time, as
seen in Table 2.

3.2. Case 2: Introducing a Carbon Penalty
Cost

In order to consider the boiler’s environmental im-
pact as well as its mechanical efficiency, the O2-only
analytical model used by Grancharova et al. has been
extended to compute carbon monoxide (CO) and carbon
dioxide (CO2) concentrations as well. Both pollutants
are regulated by the UN Kyoto Protocol as well as by
governments of individual nations, which tax excessive
carbon emissions [30]. In proximity to humans CO ex-
cess is harmful and potentially fatal. The updated cost
function is

C =Cenv +Cmec, (13)

where
Cenv =CCO +CCO2 (14)

and

CCO =

{
0, xCO < LCO,

(xCO−LCO)PCO, xCO ≥ LCO,
(15)

CCO2 =

{
0, xCO2 < LCO2 ,

(xCO2 −LCO2)PCO2 , xCO2 ≥ LCO2 .
(16)

It introduces terms that linearly penalize pollutant lev-
els above the respective thresholds LCO2 and LCO with
penalty slopes PCO and PCO2 .

For Cases 2 and 3, there are two control inputs, air
inlet damper angle and fuel rate. As the desired output
xO2,opt is a function of the fuel rate, both terms in the
cost function of (10) have an input dependency.

In both Cases 2 and 3, the values used for input
and output order parameters of the neural network were
n = m = 1. After training the neural network using 60
time steps of plant excitation using uniform white noise
inputs, the number of hidden units converged to 105. At
the end of the simulation for Case 2, the number of units
remained at 105.

3.3. Case 3: Control System Adaptation Under
Changing Dynamics

The third simulation case demonstrates the versa-
tility of Adaptive SBMPC as changes in plant dynam-
ics are introduced that require an updated model. The
MRAN algorithm for online identification is able to
quickly adjust to changing plant behavior, both by the
EKF optimization and the addition of new hidden units.

In the simulation, plant dynamics are applied as
step parameter changes at the beginning of each 500



(a)
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Figure 6. Case 2 Results—Introduction of
Penalties on CO and CO2. The controller
adjusted the fuel rate and damper angle to
achieve both optimal burning efficiency and al-
lowable carbon levels. When the CO2 penalty
threshold was reduced from 36.5% (plot D, up-
per) to 36.0% (plot D, lower), Adaptive SBMPC
made the adjustments necessary to maintain
an output level below the threshold.

Table 1. Time Variation of Simulation Plant Dy-
namics

Time (s) Description Quantitative Changes
0-500 Normal boiler

operation
None

500-1000 Constricted
air flow

Φmax is 36% smaller

1000-
1500

Damp fuel H2O added to comprise
5% of fuel mass

1500-
2000

Smaller
chamber
volume

15% reduction in vol-
ume

Figure 7. Case 3 Results—Plant Dynamics
Abruptly Change Every 500 Seconds. Adap-
tive SBMPC was able to correct both the neu-
ral network model and control inputs to quickly
drive tracking error and prediction error to-
wards zero. The tracking error is the abso-
lute difference between actual (red) and opti-
mal (blue) O2 concentrations. The prediction
error is the absolute difference between the
predicted (black) and actual (red) O2 concen-
trations.



Table 2. Adaptive SBMPC Run Time Statistics:
Case 1

Median CPU Times

Branchout Factor Sampling Density
Uniform Cubic

10 4 ms 4 ms
30 4 ms 4 ms
60 5 ms 5 ms

Longest CPU Times

Branchout Factor Sampling Density
Uniform Cubic

10 6 ms 7 ms
30 6 ms 7 ms
60 8 ms 10 ms

second interval of simulation time. The nature of the
changing boiler dynamics is presented in Table 1. The
data for the third case, shown in Figure 7, indicates that
after each shift in plant dynamics, Adaptive SBMPC ad-
justs the internal model via MRAN, and quickly returns
to near-optimal behavior. The training phase, identical
to Case 2, produced a network containing 105 hidden
units. By the end of the simulation, however, the num-
ber of hidden units decreased to 103.

3.4. Run Time Statistics and Real Time Feasi-
bility

The computational times presented in Tables 2, 3,
and 4 were measured during simulation execution on
one CPU core of a 2.0 GHz quad-core AMD laptop.
The timing period begins before the SBMPC routine
and ends after SBMPC has computed the next control
input. Median and worst case performance over each
200-timestep simulation run are presented.

4. CONCLUSIONS

Adaptive SBMPC, a new approach to adaptive non-
linear model predictive control, is presented and applied
in simulation to a nonlinear control problem from the
literature. The nonlinear dynamics of coal combustion
within a commercial boiler were learned and applied in
feed-forward control. An efficient nonlinear optimiza-
tion was performed and close reference tracking was
achieved. The problem was extended to consider ad-
ditional outputs and an additional control input as well
as time-varying plant dynamics. Adaptive SBMPC was
shown to be capable of rapid adjustments to changes
in plant behavior and efficient nonlinear optimization
for MIMO systems. With worst case execution times

Table 3. Adaptive SBMPC Run Time Statistics:
Case 2

Median CPU Times

Branchout Factor Sampling Density
Uniform Cubic

10 5* ms 3* ms
30 4 ms 4 ms
60 6 ms 5 ms

Longest CPU Times

Branchout Factor Sampling Density
Uniform Cubic

10 7* ms 5* ms
30 15 ms 74 ms
60 30 ms 519 ms

*Branchout Factor was insufficient for SBMPC to find near
optimal solution.

Table 4. Adaptive SBMPC Run Time Statistics:
Case 3

Median CPU Times

Branchout Factor Sampling Density
Uniform Cubic

10 3* ms 3* ms
30 5 ms 5 ms
60 6 ms 8 ms

Longest CPU Times

Branchout Factor Sampling Density
Uniform Cubic

10 7* ms 10* ms
30 62 ms 47 ms
60 32 ms 572 ms

*Branchout Factor was insufficient for SBMPC to find near
optimal solution.



well under 1 second achieved for the combustion prob-
lem considered here, Adaptive SBMPC should be di-
rectly applicable to many real-time nonlinear identifi-
cation and industrial control applications.

Results were presented for a 2 input, 3 output sys-
tem but a limitation of this approach is the breakdown
due to complexity for large numbers of inputs and out-
puts. As typical for NMPC methods, computation time
is a limiting factor, but the observed slow initial solve
times could be mitigated by forcing the reference in-
put to change slowly, introducing some sub-optimality.
This trade-off could be accomplished using a filter on
the reference signal, or it could be incorporated into the
heuristic cost. There is also a possibility for significant
computational improvement with the addition of search
heuristics and a parallel implementation of node expan-
sion. Node expansion is the most costly portion of the
Adaptive SBMPC algorithm. Within an A∗ optimiza-
tion, a good heuristic can drastically reduce the number
of nodes that are expanded, and performing the edge
cost calculation in parallel on multiple cores could sig-
nificantly reduce the required run time per node.
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