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Absfmcf-Eiodecomposition is a fommoo technique that is 
pcrfomd on sets of correlated images io a numher of computer 
vision and mbotier applications. Unforlu~tcly, the amputation 
of an eigeoderompition ean become prohibitively expensive 
when dealing with very high resolution images. W e  reducing 
the resolution of  the images will reduce tbc computational 
expense, it k not bean how this will aKect the quality of the 
resulting eigendecomposition. Ibe work presented here gives the 
theordial backgmuod for quantifying the effects of varying the 
resolution of images on the eigeodccomposition that is computed 
Imm those images. A mmputstionaUy efBcient algorithm for 
this eigendecompilion is proposed using derived analytical 
erpresioos. Examples show that this algorithm performs very 
weU on arbitrary video squencs.’ 

1. INTRODUCTION 

Eigendecomposition-based techniques play an important 
role in numerous image processing and computer vision a p  
plications. The advantage of these techniques. also referred to 
as subspace methods, is that they are purely appearance based 
and that they require few online computations. Variously re- 
ferred lo as eigenspace methods, singular value decomposition 
(SVD) methods, principal component analysis methods. and 
Karhunun-Loeve transformation methods [l], they have been 
used extensively in a variety of applications such as face cbar- 
acterization [21, I31 and recognition [41-[81, lipreading [91, 
[lo]. object recognition [11]-[14]. pose detection [IS]. 1161, 
visual tracking [17]. [18], and inspection [19]-[22]. All of 
these applications are based on taking advantage of the fact 
that a set of highly correlated images can be appronimately 
represented by a small set of eigenimages [23]. Once the set 
of principal eigenimages is determined, online computation 

the amount of offline calculation required to compute an 
eigendecomposition. In particular, many common algorithms 
that compute the complete SVD of a general matrix require 
on the order of mn2 flops, where m is the total number of 
pixels in a single image and n is the number of images. Most 
users of eigendecomposition techniques would like to use as 
large a resolution as is available for the original images in 
order to maintain as much information as possible; however,. 
this frequently results in an impractical computational burden. 
Thus users are typically forced to downsample their images 
to a lower resolution using a “rule of thumb” or some ad hoc 
criterion to obtain a manageable level of computation. The 
purpose of the work described here is to develop a theoretical 
background that will quantify the tradeoff between the resolu- 
tion of correlated images and the “quality” of their resulting 
eigendecomposition, in terms of measures that are relevant to 
the user’s motivation for preforming an eigendecomposition. 

The paper is organized as follows. In Section It, we explain 
the fundamentals of applying eigendecomposition to related 
images. We develop a mathematical background in Section 
III for quantifying the amount of error introduced into an 
eigendecomposition as a function of resolution. This infor- 
mation is used to develop a fast SVD algorithm, outlined 
in Section N, to quickly compute the desired portion of 
the eigendecomposition based on a user-specified measure of 
accuracy. In Section V, we evaluate the performance of our 
algorithm on a set of arbitrary video sequences. Lastly, we 
give the concluding remarks in Section VI. 

11. PRELIMINARIES 
using these eigenimages can be performed very efficiently. 
However, the offline calculation required to determine both the 
appropriate number of eigenimages as well as the eigenimages 
themselves can be prohibitively expensive. 

The resolution of the given correlated images, in terms of 
the number of pixels, is one of the factors that greatly affects 

In this work, a grey-scale image is described by an h x w ar- 
ray of square pixels with intensity values normalized between 
0 and 1. Thus, an image will be represented by a matrix X 
E [0, lIhx”. Because sets of related images are considered 
in this paper, the image vecfor x of length m = h x w is 
obtained bv “row-scannin!z” an imaee into a column vector. 
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X I ,  . . . , X ,  is an m x n matrix, denoted X, and defined as 

n e  SVD of X is given by 

x = UCVT,  
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w h e r e p  E Wmxm and V E 32%'" are orthogonal, and 
c = [ E d  o]* E WmX" where C d  = diag(u,,... ,U") with 
u1 2 u2 2 ... 2 U,, 2 0 and 0 is an n by m - n zero 
matrix. The SVD of X plays a central role in several important 
imaging applications such as image compression and pattern 
recognition. The columns of U, denoted ii,, i = 1, ... ,m, 
are referred to as the left singular vectors or eigenimages of 
X .  while the columns of V, denoted C,, i = l , . . .  ,n, are 
referred to as the right singular vectors of X. 

In practice, the singular vectors ii, are not known 01 com- 
puted exactly, and instead estimates el, .  . . , ek which form 
a k-dimensional basis are used. For quantifying the accuracy 
of a practical implementation of subspace methods, one of 
the measures we will use is the "energy recovery ratio" [23]. 
denoted p. and defined as 

where 11 . \ I F  denotes the Frobenius norm. To determine the 
d e p  to which the first kz approximated eigenimages, i.e., 
the &'s, span the subspace spanned by the first kl true 
eigenimages, i.e.. the &'S. we will also use the subspace 
criterion, s, which is given by 

(3) 

which is 1 if the entire subspace is spanned. 

111. ANALYSIS OF SVD AT DIFFERENT RESOLUTIONS 

This section gives the mathematical background that ex- 
plains how to approximate high-resolution eigenimages using 
the SVD computed fmm low-resolution images, with the 
assumption that the number of columns in the image data 
matrices at different resolutions remains the same. 

A. A Special Care with a Closed Form SVD 
W e  will statt with an image data matrix that has a closed 

form solution for the SVD at both high and low resolutions. 
This closed form solution along with its propelties can then 
be used as a basis for the further analysis of arbitrary image 
data matrix. 

Consider two images with m pixels that have been mw- 
scanned and n o d i d  to unit norm. The m x 2 high- 
resolution image data matrix, Xh, is given by 

11 2 1 2  1 

where the notation indicates that the comsponding vectors 
are normalized to unit norm. The pixels in khl and e h 2  are 
IexicogmphicaUy ordered so that a pixel in the low-resolution 
image vectors, and X[Z. can be obtained by box-filtering 
the consecutive pixels in *hl and kj,~, respectively. Thus, with 

' 

~ 
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the integer reduction factor r, the low-resolution image data 
matrix Xi is given by 

where d = m - T + 1. The critical step in calculating the 
SVD of X is to determine an orthogonal matrix V that will 
orthogonalize the columns of X .  This matrix can be formed 
as a Givens rotation that is designed to orthogonalize two 
columns and results in the following V and U matrices for 
Xh: 

r 1  

i J  
where the subscript h denotes that these matrices correspond 
to xh.Z The upper and lower signs in f and 7 notations in u h  
matrix correspond to the positive and the negative dot product 
between the high-resolution image vectors, respectively. Note 
that such closed form solutions can be obtained for these 
matrices because the image vectors in X h  have equal norms. 
The column vectors in Xi ,  however, do not necess+ly have 
equal norms, hence U and V matrices for X[ do not have the 
same closed form solution. To find these matrices. we have to 
make use of the formulas for the SVD algorithm that relies 
on Givens rotations ,[24]. These formulas are based on the 
quantities, 

so that 

if z[ 2 0 and 

if z[ < 0. Then the V and U matrices for Xt can be given by 

1 
1 = [ sine case 1 

cos0 -sin8 

r 

1 
'Norms in all thc equations in this paper always repsent  the Z-norm unless 

othmvise srated 



where the subscript 1 denotes that these matrices correspond 
to XI. The left and right singular vectors at high and low 
resolutions can be compared against each other by using the 
method suggested in [251. However, the dot product of the 
difference between the corresponding vectors indicate that the 
bound of this error is in the range of [0, 21 for both the 
right singular vectors and the interpolated eigenimages. Hence 
we need to study the approximations of the high-resolution 
eigenimages using the low-resolution SVD in more detail, 
which is the topic of the next subsection. 

B. Limitations of Znterpolated Low-Resolution Eigenimages 
In our previous work [25], we have shown how the intelpo- 

lated low-resolution eigenimages can be used as an approxi- 
mation of their high-resolution counterparts. The results were 
acceptable as long as the reduction in resolution is not too 
great. Here we show why this is true using a simple example. 

Consider Xh with m = 4. The first (unnormalized) eigen- 
image of x h  is given by 

r 211 + +12 1 

where we have assumed the positive dot product between the 
columns of Xh. For r = 2, the maaix q for the corresponding 
Xi can be generated using the quantities in (7). (8). and (9). 
Then the first (unnormalized) eigenimage of Xi is given hy 

The linear interpolation3 of uI1 to the size of uhl  gives 

1-1 5 1  
where L gives the linear interpolation model, rl = 
~ . ~ ( c o s ~ ( z ~ ~  + x21j + sinB(z12 + x22j), and rp = 
0 . 5 ( ~ 0 ~ 8 ( 2 3 ~ + ~ 4 1 j + s i n 8 ( 2 ~ ~ + ~ 4 2 ) ) .  Note that the columns 
of the following matrix form an orthonormal hasis for the 
space perpendicular to the column space of L 

1 0.5 0.2236 
-0.5 -0.6708 

NL = I -0.5 0.6708 1 0.5 -0.2236 1 
Now consider the family of all 4 x 2 matrix x h  with the 
following properties: 

1) The column space of Xh is perpendicular to the column 

2) The columns of x k  have unit norm. 
3) The angle between the columns of x k  is a. 

3Bicubic interpoladon is used in [25] for better accuracy, while linear 

space of L. 

interplation is uscd here for mathematical simplicity. 

. . . . . . . . . . . . . ... . ..... 

el a 15 8 1 
- h p m m ( r m b r d l a r )  

Fig. 1. l i d s  figure shows the plots far the four vidm seqwnccr wed in 
[23], viz., 5. 6, 7, snd 17 ( r e f d  hem as 1, 2. 3, and 4 ~SpcctiVCly). The 
average is subtracted from the original image data matrices and the image 
datz matrices at diffnem resolution at f o n d  afvr reducing the original 
images from m = 240 x 352 to the lower rsolvtions of 120 x 176,60 x 
88,30  x 44,15 x 2 2 , 8  x 12,4 x 6, and 2 x 3. The S M  is calculated a( all 
the resolutions and the angle (in d e w s )  beswccn the I%SI rmc eigcmmages 
at high resolution and the fim intnpolated low-resolution eigenimagcs to the 
sire of the high-resolution cigenimages is p l d  in this f i p  for a l l  four 
video sequences. 

This family, denoted by &(4), can be parameterized hy 4 in 
the following way: 

where + is any angle. For a particular case of X,,, when 4 = 
60° and a = 100, we can see thak 

(17) : 
UhtUhj = 0, for i,'j E 1,2. 

Thus the column space of the approximated eigenimages is 
orthogonal to the column space of the true eigeuimages. giving 
the worst possible approximation even for simple xh. Fig. 
1 also shows that the interpolated eigenimages give a very 
bad approximation of the true eigenimages at high resolution, 
when the image data matrices consist of images at very low 
resolution. 

If we reconsider (16) with + = 60O and a = lo", we 
can observe that the high-resolution right singular vectors 
and low-resolution right singular vectors are ody  2.33O apart. 
Hence the approximation of the high-resolution eigenimages 
using the low-resolution right singular vectors is a much more 
promising approach. 

C. Using Low-Resolution Right Singular Vectors 

Note that Vk and V, represent V matrices at two different 
resolutions, hut for the same images. Also both these matrices 
are of the same size. Hence we can use V, to approximate uh 
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TABLE I 
iihl . Shl AND ~~~u~~~~ FOR DIFFERENT e* VALUES 

cos8 -sin8 
sin6 cos8 1 .  (18) 

Case# 8' f i h l ' a h l  IlAUhiII Commem 

I o J+ z - m  wont C a x  

3 5  J+ 2 - m  worst CBSe 

best CBSC (U'S line up) 2 %  1 0 

al and a2, respectively, the first column after Gram-Schmidt 
orthogonalization will be 

u h l =  - - - 
data matrices with only two images, the B' val_ues for the - - al COS6.%hl + sin Bfh2 (19) approximation of the correct second eigenimage. i ih2 remains 

l lal )I  J1+ 2 y h  sin6cos8'  the same. 
where yh = i(;li(h2, Here we sm with 
it is likely to be of larger norm than a2. 

differ from the comect ones, consider the ditference4, 

al, because 

To-check as to how much the approximated eigenimages 

It is instructive to consider the worst case 8' values in Table 
I. When 8' = 0, 

- O 1 ,  (7-4) U[& = [ $ 1  [ ""$ II~1211 A U h 1  = i i h l  - G h 1  
- + 8 h 2  COS 0%hl + sin 8.%,2 

1 + 2 y h  sin8 COS 0 ' ('O) where uL1 = xI1  and uiZ = xtz. By definition, - d m - J  
The square of the norm of A u h l  is given by 

whose extremal 8 values (denoted 8') will give the best case 
and the worst case conditions on x h  for the approximation of 
i i h l .  The problem of finding the 0' values of (21) is equivalent 
to finding the 6' values of 

(22) 
1 + s i n 2 6  

1 + y h  sin 28' J f(0) = sgn(cos@+sin8) 

Differentiating (22) with respect to 6 (for cos 8 + sin 8 # 0, 
i.e., for 8 # 9 + na) gives 

We thus have the following candidate 8' values: 
1) c o s 2 ~ * = ~ + 2 e * = @ + ? k + 0 * = ~  
2) sin2,9* = -1 = $ 2 p  = &.$?.k + 0* = 

3) cos 8' + sin 0' = o + 8' = 9 
Hence we can conclude that the candidate B' values are 8' = 

(odd multiples of 45O). With all non-negative entries 
in x h .  the 8 values will always be bounded by 0 and 4. 
Hence the only 8' value in t h i s  case is 45O, which gives the 
best-case scenario as shown in Table I. We must also check the 
boundary condition 8 values (0 and 4). which give the worst- 
case scenarios (refer to Table I) for degree of error depending 
on the value of Y h .  with the results being worst when yh = 0. 
However, note that, as gh -+ 0, the problem of finding the 
high-resolution eigenimages becomes ill-defined. For image 

'The components of X h  are considered ID be all non-negative hem. 'Ihe 
analysis of the c m  when Xh contains negative components will be similar 
ID the one presented in l h i s  section. 

When 8' = r /2 ,  we obtain the same condition as in (25). This 
condition indicates that we will get the worst-case scenarios 
only when there is no overlap. between the reduced image 
vectors at low resolution. To check for the conditions on the 
corresponding high-resolution image vectors, let m = 4 and 
T = 2. Then, x K x L 2  = 0 + 
-T - 
XhlXhZ + 5 1 1 2 2 2  f 2 2 1 2 1 2  + 2 3 1 2 4 2  + 2 4 1 2 3 2  = 0. (26) 

With all the components of X h  non-negative, all the individual 
products on the LHS must be 0 to satisfy the condition in (26). 
which is highly unliiely for most images. 

While the above analysis cannot be easily extended to 
arbitrary Xh,  one can experimentally evaluate the quality of 
the eigenimage approximation. The approximation of the ith 
eigenimage of x h  (denoted c h i )  can be given by i i h ,  = 
x h .  + t i ,  where CL, denotes the ith right singular vector for X i  

with low-resolution images. These approximated eigenimages 
can be decomposed to obtain the orthonor@ basis using the 
QR decomposition of U = QR, giving U = Q, where Q 
is an o_rthogonal ma& whose columns give the olthonormal 
basis Ch,'s for iihi's and R is an upper triangular matrix. The 
norms of the Iih6.S can be used as an approximation of the 
corresponding singular values of x h .  

Fig. 2 shows that using the low-resolution right singular vec- 
tors give a much better approximation of the high-resolution 
eigenimages than those obtained using the interpolated low- 
resolution eigenimages (shown in Fig. 1) .  This motivates a 
computationally efficient technique for the fast eigendecom- 
position of a set of correlated images that takes advantage of 
the similarity between the right singular vectors at different 
resolutions. Our proposed algorithm is presented in the next 
subsection. 
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Fig. 2. This figure shows Ur plots for same four video sequences used in 
Fig. 1 with I- image reduction procedure. 'Ihe 6nt  plot shows Ur angle 
(in degrccs) between lhe first right ringdar v c c m  at high rrwlution and at 
the lower resolutions, while the second plat shows the angles ktwm the 
first rmc eigenimage and its approximation using OUT propscd method for all 
four video scquenccs at the lower resolutions. 

IV. FAST EIGENDECOMPOSITION ALGORITHM 

Our objective is to determine the first k left singular vectors 
of X. Chang et al. [23] proposed a computationally efficient 
algorithm for the eigendecomposition of correlated images. We 
will use this algorithm as a benchmark for the accuracy and the 
computational efficiency while finding the first k eigenimages 
of X, because this is the fastest algorithm bown to us. The 
approach in [23] was motivated by the fact that for a planar 
rotation of a 2-D image, analytical expressions can be given 
for the eigendecomposition. based on the theory of circulanl 
matrices. These analytical expressions turned out to be good 
approximations of the eigendecomposition of arbitrary video 
sequences with better computational efficiency. Our algorithm 
uses this algorithm to reduce the images in the temporal 
dimension and then uses the theoretical background @veri in 
Section ID to reduce the images in the spatial dimension. The 
following steps summarize the proposed algorithm: 

1) Generate the Fourier matrix, F. and its real part, H ,  for 
X and determine the smallest number p such that 

where p is the user-specified reconstruction ratio. 
2) Reduce XH, spatially to X,,H, such that each of its 

columns has q pixels with q > p.  (The matrix XH, is 
readily available after Step 1.) 

3) Compute the SVD of X,H, = OqQ,qT = 

4) Find the product (XH,)V, and apply the QR decompo- 

5 )  R e m  ill,. .. ,ilk such that p(X,  B1,. .. , i l k )  > p. 

s,a,oT. 

sition to-obtain $e approximation Of &'S. - 

We now briefly analyze the computational expense of our 
algorithm. The cost incurred in Step 1, i.e., estimation of the 
smallest number p, requires O(mnp) flops. Step 2 involves 
the reduction of the colnmns of XH, to get X,H,, which 
requires O ( m p )  flops. In Step 3, the cost of computing the 
s"D of the q x p  matrix x,H, requires O(qp2) flops. III Step 
4, multiplication of XH, with V, requires O ( m p 2 )  flops and 
the QR decomposition of (XH,)V,  requires O(2mp2 - g f l )  
flops. Finally, in Step 5, determination of the dimension k 
requires O(mnk)  flops. I f p  << n, then the total computation 
required is O(rnnp). 

V. EXPERIMENTAL RESULTS 
We consider the problem of eigendecomposition of images 

representing successive frames of arbitrary video sequences. 
Specifically, we consider eight video sequences that are used 
in [23], viz., 5, 6. 7, 17, 9, 8, 15, and 20 (referred to here 
as videos 1 through 8, respectively). Images in the first four 
sequences and the last four sequences have resolution of 240 x 
352 and 240 x 320, respectively. 

Our algorithm was used to calculate the partial SVD of 
X for each set, with an energy recovery ratio threshold of 
0.95. The matrix XH, was reduced so that its columns 
contained the row-scanned images of size 8 x 12. thus 6xhg 
the value of q to 96. Table II summarizes the performance of 
the algorithm, showing kl, k2, p ,  and the computation times. 
Compared to the direct SVD, the speedup factors with our 
algorithm are in the range of 0.92 - 47.06, dependmg on 
the vgue of p . p e  difference between p ( X ,  ii~, .... CA, ) and 
p(X, ill,. ... i lk2) for each set was less than 020%. with an 

{fit,. .. ,CA,}. Compared to Chang's algorithm, the value of 

average of 0.13%. which reveals that {fil, t.. , i lk2} provides 
a very good approximate basis for the first kl eigenimages 

k2 remains the same except for the third sequence, where 
one more eigenimage is required to satisfy the given energy 
recovery ratio threshold. At the same time, because the SVD 
computation is performed on a much smaller matrix &H,, 
our algorithm is computationally more efficient, which is 
evident from the table entries. 

The resultant eigenimages for all the video sequences were 
also compared using the difference measures defined in [251. 
Fig. 3 shows the general behavior for most of the video 
sequences when comparing their SVD's. The plots for the 
singular values show that the relative error between the true 
and the approximated singular values is almost negligible. In 
particular, the relative error between these values varies from 
0% to 11.70% indicating a good approximation of the true 
singular values at high resolution. The maximum principal 
angles between the subspaces containing the true and the 
approximated eigenimages show that the maximum principal 
angle is 43.21° for kl = k2 = 15. The measure s between 
these two subspaces exhibits similar behavior to that of the 
maximum principal angles and its value is 0.9822 for k1 = 
k2 = 15. Both these plots indicate that the hue and the 
approximated eigenimages span the same vector space when 
the full dimension is usd. 
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TABLE n 
RESULTS POR DWERENT ALGORITHMS 

Fig. 3. This figure shows different plots of the error measures calculated fot 
vidm #5  used in [231 that is rcpresmtative of the g e n d  behavior for most 
of the video sequences when the approximated SVD was wmparcd with the 
bus SVD. The fim calumn shows the plot of the singular values for high- 
rrsolution images and its difference with the approximated singular values 
using the modified algorithm. me fim plot in the second wlumn shows the 
maximum principal angles (in degrees) between the respective eigenspaces. 
when the subspace dimension was varied fmm I to IS. while the m i n i n g  
plot shows L e  subspace criterion measure. when the subspace dimmsion was 
varied fmm I to 15. 

VI. CONCLUSION 

We have presented a theoretical background for quantifymg 
the tradeoff associated with performing eigendecomposition on 
correlated images at lower resolutions in order to mediate the 
high computational expense of performing these calculations 
at high resolutions. Using this background, we have modified 
the fastest known algorithm for computing the eigenspace 
decomposition of correlated images to obtain a more computa- 
tionally efficient algorithm. The proposed algorithm enjoys the 
advantage of making use of the similarity within the images 
along with the similarity between the images. Examples show 
that the algorithm performs very well even on arbitrary video 
sequences. 
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