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ABSTRACT 

It is important to minimize the energy consumption of autonomous ground vehicles (AGVs) deployed in real world 

missions. One of the ways that this can be accomplished is to choose the vehicle’s motion to minimize the mechanical 

and electrical energy usage required by the vehicle’s motion. This paper considers energy efficient motion planning for 

skid-steered AGVs, an important and large class of all-terrain vehicles. An experimentally verified power consumption 

model for skid-steered vehicles has been recently developed based on the “exponential friction model,” which yields 

power consumption predictions that are far more accurate than those obtained using Coulomb’s friction model. At a 

given velocity the power consumption is essentially a function of the vehicle turning radius.  This paper demonstrates 

energy efficient motion planning using Sampling Based Model Predictive Optimization (SBMPO), a recently developed 

motion planning algorithm. In this research SBMPO uses a simple kinematic model of the vehicle to determine feasible 

vehicle paths and the skid-steered vehicle power model to compute the energy consumption (i.e., the cost) along a given 

trajectory. The results here are for a vehicle moving on a single surface at constant velocity.  Energy optimal motion 

planning is compared with distance optimal motion planning  and the results demonstrate the importance of considering 

energy consumption in the motion planning process. 

Keywords: autonomous ground vehicles, skid-steered, planning, energy efficient 

1. INTRODUCTION 

Autonomous ground vehicles (AGVs) have played a major role in space exploration and have found increasing use in 

agricultural work.  In the future, they are expected to perform a variety of additional tasks in unstructured and dynamic 

outdoor environments such as search and rescue, and reconnaissance and surveillance. An AGV has a finite energy 

supply stored in batteries and/or fuel. Hence, to enable an AGV to carry out more extensive missions without recharging 

or refueling, energy conservation is highly important.  Some of this conservation may be accomplished by using hybrid 

power technologies.  However, once the power system on an AGV is chosen, substantial energy conservation may be 

achieved via energy efficient motion planning. Although it is common to base motion planning on minimization of the 

distance travelled, as this paper highlights, this approach can lead to unnecessary energy consumption.  Most motion 

planning algorithms focus on minimization of path length.1, 2, 3 Despite its practical significance, to date there is very 

little published research in the field of energy efficient path planning for mobile robots. The research of Barili et al.4 used 

the concept of vehicle velocity profile to save energy for a mobile robot working in environments cluttered with moving 

obstacles. Their energy-saving strategy avoids frequent accelerations and decelerations due to the associated high-energy 

consumption, but the work was limited to only straight line motion and did not consider more general curvilinear 

motion. Mei et al.5 present a more comprehensive approach to energy efficient motion planning for mobile robots. They 

develop power models of the robot motors based on a combination of analytical motor modeling and experimental data. 

The power modeling does not take advantage of a dynamic model and is only used to evaluate candidate paths, not 

define the paths or trajectories.   

This paper considers energy efficient motion planning for skid-steered AGVs, an important and large class of all-terrain 

vehicles. A skid-steered vehicle can be either tracked or wheeled and is characterized by two features. First, the vehicle 

steering depends on controlling the relative velocities of the left and right side wheels or tracks. Second, all wheels or 
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tracks remain parallel to the longitudinal axis of the vehicle and vehicle turning requires slippage of the wheels or tracks. 

Energy efficient motion planning is accomplished in this paper for a skid steered AGV using a power model developed 

in Collins et al.6 using the vehicle’s dynamic model in conjunction with Sampling Based Model Predictive Optimization 

(SBMPO),7, 8 a motion planning algorithm that produces trajectories based on a kinematic or dynamic model. The energy 

costs within SBMPO are computed using the power model. To avoid integrating the underlying dynamic model on-line, 

the integration is performed off-line and essentially produces a 3 dimensional curve that describes power consumption as 

a function of linear velocity and turning radius. Important features of SBMPO are its ability to directly use kinematic or 

dynamic models, avoid local minima, and compute efficiently. As its name implies, it uses sampling.  However, unlike 

previous sampling based algorithms, SBMPO samples exclusively in the input space and is hence follows the paradigm 

of model predictive control.7 In fact, SBMPO may be viewed as the optimization portion of a nonlinear model predictive 

control algorithm.  However, instead of using nonlinear programming or evolutionary algorithms, it optimizes using 

sampling and A*-type optimization. 

The remainder of this paper is organized as follows. Section 2 describes the power model of a Pioneer 3-AT, the skid-

steered robot used in this study. Section 3 discusses SBMPO and the significance of using an energy based cost function. 

Section 4 presents and discusses experimental results based on planning using both energy and distance cost functions. 

Section Error! Reference source not found. presents conclusions and future work. 

2. POWER MODEL 

This section discusses the power model used in the study and its integration with respect to time to get the energy 

consumption of an AGV for a particular path. The power model used is for a modified Pioneer III running on a vinyl lab 

surface.  Explicit results are shown for the case in which the vehicle has a linear velocity of 0.2 m/s. The power model 

was originally presented in Collins et al.6 and based on the experimentally verified “exponential friction model” 9, 10 (i.e., 

the shear stress varies exponentially with respect to shear displacement) for the modeling of sliding friction of a skid 

steered robot. This gives more accurate prediction of torque as compared to the Coulombs friction model (in which the 

shear stress is assumed to be constant). Dynamic and power models developed using the exponential friction model give 

accurate predictions of torque over a wide range of turning radii in comparison to models developed using Coulomb 

friction as in Caracciolo et al. 11 and Kozlowski et al.12  

The power model in Collins et al.6 is based on the development of separate power models for the left and right side 

motors. The power models for the left and right side motors are described in terms of the mechanical power consumption 

associated with the rotation of the left and right wheels and the electrical power consumption due to the electrical 

resistance of the left and right motors. These two power models are combined to describe the power model for the entire 

vehicle. Particular attention is given to the inner motor (i.e., the left side motor when the vehicle is turning 

counterclockwise (CCW) and the right side motor when the vehicle is turning clockwise (CW)) because even though the 

velocity of inner motor is always positive, as the turning radius decreases from infinity, the inner motor first consumes 

power, then generates power, and finally consumes power again. 

The equivalent circuit describing the left and right side drive system and motors can be seen in Figure 1. The circuit 

includes a battery, a motor controller, a motor, and the motor electrical resistance 𝑅𝑒 for each side of the motor. In 

Figure 1 𝜔𝑙 and 𝜔𝑟 are the angular velocities of the left and right wheels, 𝑈𝑙 and 𝑈𝑟  are the output voltages of the left 

and right motor controllers, and 𝑖𝑙  and 𝑖𝑟  are the currents of the left and right circuits. The vehicle is assumed to be 

turning CCW and have turning radius larger than half the width of the vehicle so that 𝜔𝑙 and 𝜔𝑟 are always positive.  

The relationship between the motor and motor controller is shown in Figure 2. The motor controller regulates the current 

of the motor to achieve the desired velocity of each corresponding wheel. The controller controls the maximum voltage 

that can be supplied to the motors without overheating them. The maximum voltage 𝑉𝑚_𝑚𝑎𝑥  supplied by the controller is 

𝑉𝑚_𝑚𝑎𝑥 = (𝑃𝑊𝑀. (𝑉𝐶𝐶 − 𝑈𝑙𝑜𝑠𝑠) −

Δ𝑛𝑚
Δ𝜏𝑚

𝐾𝑇𝐼𝑚

𝐾𝑛
),                   (1) 

where PWM is the maximum duty cycle of pulse-width modulation, 𝑉𝐶𝐶  is the battery supply voltage, 𝑈𝑙𝑜𝑠𝑠 is the voltage 

loss in the controller, 
𝛥𝑛𝑚

𝛥𝜏𝑚
 is the speed-torque gradient of the motor, 𝐼𝑚 is the motor current and 𝐾𝑛 is the speed constant.  



 

 
 

 

 

Figure 1: The circuit diagram for the left and right side of a skid-steered wheeled vehicle 

 

Figure 2: The closed-loop control system for the left or right side of a skid-steered wheeled vehicle 

The power model of a DC motor is given by, 

𝑃𝑚 = 𝜔𝑚𝜏 + 𝑅𝑚𝑖𝑚 
2 ,       (2) 

where the first term on right side is the mechanical power consumption, which includes the power to compensate the left 

and right sliding frictions and the moment of resistance along with the power to accelerate the motor, and the second 

term is the electrical power consumption due to the motor resistance dissipated as heat. Using (2), the power 

consumption for the left and right motors 𝑃𝑙  and 𝑃𝑟  having efficiency 𝜂𝑙 and 𝜂𝑟 respectively, can be expressed as   

𝑃𝑙 =
𝜔𝑙𝜏𝑙

𝜂𝑙
+ 𝑅𝑒𝑖𝑙

2,        (3) 

and 

𝑃𝑟 =
𝜔𝑟𝜏𝑟

𝜂𝑟
+ 𝑅𝑒𝑖𝑟 

2 .        (4) 

The current 𝑖𝑚 flowing in the motor may be expressed in terms of the torque 𝜏𝑚 as 

𝑖𝑚 =
𝜏𝑚

𝐾𝑇𝑔𝑚𝜂𝑚
 ,        (5) 

where 𝐾𝑇  is the torque constant, 𝑔𝑚 is the gear ratio, and 𝜂𝑚 of the motor. Hence 𝑃𝑙  and 𝑃𝑟  can be computed as a 

function of torque as 

𝑃𝑙 =
𝜏𝑙𝜔𝑙

𝜂𝑙
+ (

𝜏𝑙

𝐾𝑇𝑔𝑙𝜂𝑙
)

2

𝑅𝑒 ,       (6) 

and 

𝑃𝑟 =
𝜏𝑟𝜔𝑟

𝜂𝑟
+ (

𝜏𝑟

𝐾𝑇𝑔𝑟𝜂𝑟
)

2

𝑅𝑒.       (7) 

Let 𝑃 denote the power that must be supplied by the motor drivers to the motors to enable the motion of a skid-steered 

wheeled vehicle and define the operator 𝜎: ℝ → ℝ such that  

𝜎(𝑄) = {
𝑄 ∶
0 ∶

𝑄 ≥ 0
𝑄 < 0

 .            (8) 

Then the entire power model of a skid-steered wheeled vehicle is 

 𝑃 = 𝜎(𝑃𝑟) + 𝜎(𝑃𝑙).                    (9) 



 

 
 

 

Typically, one might expect to write 𝑃 =  𝑃𝑟 + 𝑃𝑙 . However, since it turns out that 𝑃𝑙  can be negative and that this 

generated power does not charge the battery in our research vehicle, the more general form (9) is used. To enable the 

battery to be charged requires modifications of the motor controller, which was beyond the scope of this project. 

Since for a given linear velocity, the dynamic model yields that the torque generated by the left or right motor is a 

function of the turning radius (as seen in Figure 3), the power for the motor can be correlated to the turning radius as 

well. Figure 4 gives the experimental and simulation analysis of the power consumption for the left and right motors 

corresponding to the turning radius of the vehicle. As can be seen from this figure, (6) and (7) are able to accurately 

predict the power consumption of the left and right side motors.  

The energy consumption E for the vehicle in the time interval [𝑡𝑜  𝑡𝑓] may be computed by the time integration of the 

power consumption, such that 

𝐸 = ∫ 𝑃𝑑𝑡
𝑡𝑓

𝑡𝑜
.                (10) 

 

 

Figure 3: Vehicle inner and outer wheel applied torque comparison during steady-state CCW rotation for a large range of commanded 

turning radii on the lab vinyl surface when the commanded linear velocity is 0.2 m/s 

3. SAMPLING BASED MODEL PREDICTIVE OPTIMIZATION (SBMPO) 

SBMPO is a recently developed sampling-based algorithm for motion planning with kinematic and dynamic models. 

Figure 5 illustrates the sampling process of the algorithm. It can plan using a variety of cost functions, including the 

standard sum of the squared error cost function used in model predictive control.13 SBMPO was motivated by a desire to 

employ sampling and A*-type optimization in place of the nonlinear programming that is commonly employed for 

optimization in Model Predictive Control (MPC). This provides SBMPO with the ability to avoid local minima and have 

fast computations with properly designed A* heuristics. 

Figure 6 shows the block diagram of a trajectory planning strategy that uses SBMPO. The model, cost evaluation, and 

heuristic are supplied by the user. It should be noted that in the SBMPO algorithm, a graph is created from start to goal 

and each vertex on the graph keeps track of the states of the system, the control input, and cost associated with the state. 

 



 

 
 

 

 

Figure 4: Vehicle inner and outer wheel power comparison during steady-state CCW rotation for a large range of commanded turning 

radii on the lab vinyl surface when the commanded linear velocity is 0.2 m/s 

 
Figure 5: Illustration of SBMPC sampling process 

3.1 SBMPO Algorithm 

The following are the main steps of SBMPO 7, 8: 

1) Select a node with highest priority in the queue: The nodes are collected in a Open List, which ranks the 

potential expansion by their priority or low cost associated with the node. The Open List is implemented as a 

heap so that the highest priority node that has not been expanded is on top. If the selected node is the goal 

SBMPO terminates, otherwise go to step 2. Note that the node representing the start will have the highest initial 

priority. 

2) Sample input space: Generate a sample of the input to the system that satisfies the model constraints. The input 

sample and current state are passed to the system model, and the system is integrated to determine the next state 

of the system. It should be noted that the current state is the state of the selected node. 

3) Add new node to the graph: Check if the graph already contains a node whose state maps to the new state of 

the system. If the node exists, only add an edge from the current node (i.e., the selected node) to the node whose 

state is the same as the new state. Otherwise, add a node whose state is next state. 

4) Evaluate new node cost: Use an A∗ heuristic to evaluate the cost of the generated vertices based on the desired 

objective (which is least amount of energy). Add a new node to the priority queue based on the node’s cost.  

5) Repeat 2-4 for B number of successors: Repeat steps 2-4 for B number of successors where B is defined by 

the user. B is also known as “Branch-out factor.” 



 

 
 

 

6) Repeat 1-5 until one of the stopping criteria is true: Steps 1-5 will be repeated until the goal is found or the 

maximum number of allowable iterations is achieved. 
 

 

Figure 6: Trajectory planning using Sampling Based Model Predictive Optimization (SBMPO)  

3.2 The kinematic model used by SBMPO 

Referring to Figure 6, this section discusses the simple kinematic model used by SBMPO in this research. Figure 7 

shows a skid-steered vehicle moving with respect to the global coordinate frame XG-YG.   The vehicle has linear velocity 

VG, angular velocity ωG, and orientation θG.  It is assumed that the vehicle states are sampled with period T.  Then, the 

position of the vehicle in the global coordinate frame is given by 

𝑋𝐺(𝑘) =  𝑋𝐺(𝑘 − 1) +  𝑉𝐺,𝑥(𝑘 − 1)𝑇, 
𝑌𝐺(𝑘) =  𝑌𝐺(𝑘 − 1) + 𝑉𝐺,𝑦(𝑘 − 1)𝑇,                                                                (11) 

 

Figure 7: Motion of a skid-steered vehicle in a global frame 

where k is the time index for the current state and (k-1) is the time index for the previous state. Notice that in this 

research it is desired to keep the velocity constant at a value V. This was accomplished by sampling the kinematic model 

input VG,x and choosing the second input  VG,y using 



 

 
 

 

𝑉𝐺,𝑦 =  √(𝑉)2 −  (𝑉𝐺,𝑥)
2
 .     (12) 

The orientation at time k is given by, 

𝜃𝐺(𝑘) = tan−1 𝑉𝐺,𝑦(𝑘)

𝑉𝐺,𝑥(𝑘)
 ,        (13) 

while the angular velocity at time k is given by 

 𝜔𝐺(𝑘) =  
𝜃𝐺(𝑘) − 𝜃𝐺(𝑘−1) 

𝑇
 .      (14) 

3.3 Cost Evaluation and Heuristic for Energy Efficient Planning 

The elements of Figure 6 that must be chosen for energy efficient motion planning are the cost evaluation and the 

heuristic.  An expression for energy has already been given by (10).  However, this expression is not practical for real 

time implementation since the power is a function of the turning radius, which varies continuously.  Hence, for online 

computation the turning radius between any two nodes (see Figure 5) is assumed to be constant. Since 𝜔(𝑘 + 1) denotes 

the angular velocity at the future node and the linear velocity at this node is V, the radius 𝑅(𝑘 + 1) corresponding to the 

path between the current node and the future node is assumed to be 

𝑅(𝑘 + 1) =
𝑉

𝜔(𝑘+1)
 .       (15) 

Referring to the integral energy function of (10), it follows that if to represents the time corresponding to the start node 

and tf  represents the time corresponding to a current node (node N) that is connected to the start node (node 0) by N  

branches, then the cost is approximated as 

𝐸 = ∑ 𝑃𝑖𝑇 𝑁
𝑖=1 ,       (16) 

where Pi is the power needed to move from node (i-1) to node i. For implementation with SBMPO the power vs. turning 

radius curves of Figure 4 were converted into tables and used to determine the power terms Pi in (16).     

The heuristic cost is computed as follows.  Let D denote the straight line distance from the current node to the goal node 

and let t denote the time needed to move the distance D at linear velocity V, such that    

𝑡 =
𝐷

𝑉
 .      (17) 

Then, the heuristic H is given by 

 𝐻 = 𝑃∞𝑡,       (18) 

where  𝑃∞ denotes the power consumption corresponding to linear movements (i.e., 𝑅 = ∞). It should be noted that (19) 

defines an optimistic heuristic. 

4. RESULTS AND DISCUSSION 

This section compares the paths via SBMPO using distance optimization and energy optimization. The planning is 

performed in three cluttered environment scenarios.  The robot was assumed to move at a constant linear speed of 0.2 

m/s and the kinematic model (11) was used as the SBMPO model of Figure 6.   

The paths computed for three cluttered environment scenarios are shown in Figures 8, 9, and 10.  In all three scenarios 

the start point was (0m, 0m) and the goal region was a circle centered at (5m, 5m) and having a radius of 0.5 m; the goal 

region is the solid red circle in the figures.  Obstacles are shown by the remaining circles. 

The path lengths and energy consumed for the three scenarios are shown in Table 1 which reveals that, as expected, the 

path length is always smaller for the distance based cost function in comparison to the path length for the energy based 

cost function. Also, as expected, the energy consumption is always smaller for the energy based cost function in 

comparison to the energy consumption for the distance based cost function.  What is perhaps most interesting is that for 

small increases in distance, the energy based planning is able to dramatically decrease the energy consumption.  For 

example, for Scenario 1, a 0.49 % increase in distance led to a 16.8 % decrease in energy consumption, while for 

Scenario 2, a 6.48 % increase in distance led to a 34.6 % decrease in energy consumption.   Figures 8, 9, and 10 reveal 



 

 
 

 

the reason for this.  The energy based paths are substantially smoother than the distance based paths, hence the paths  

tend to have larger turning radii. As Figure 4 reveals, the power consumption for a skid-steered vehicle increases 

exponentially with decreasing turn radius. 

Table 1: Results obtained from the three test scenarios 

 

     

(a)                                                            (b) 

Figure 8: Scenario 1 path planning results using: (a) a distance cost function, (b) an energy cost function 

5. CONCLUSIONS 

This paper has presented energy efficient motion planning for a skid-steered AGV using Sampling Based Model 

Predictive Optimization (SBMPO).7 A simple kinematic model was used as the SBMPO model and the energy costs 

were computed using a power model developed in Collins et al. 6. The results of the paths obtained by optimizing a 

distance cost function and an energy cost function were compared.  The paths obtained using energy optimization tended 

to be much smoother than the paths obtained using distance optimization since the power curves show that much more 

power is needed for turns with small radii.   

Future work will focus on at least four areas.  First, rapid replanning for dynamic environments needs to be incorporated 

within SBMPO.  (Although SBMPO uses LPA*, an incremental algorithm, for its optimization, this incremental feature 

has not been fully implemented within SBMPO software.)  Also, the results should be extended to enable variable 

velocity, energy efficient motion planning.  In addition, power models need to be developed for a variety of terrain 

surfaces and speeds.  This will enable the fourth area of research, the development of energy efficient variable-speed 

trajectories for multiple terrain environments. 

 
Test Scenario 1  2  3 

Cost Function 
Distance 

Based  

Energy 

Based  

Distance 

Based  

Energy 

Based  

Distance 

Based  

Energy 

Based  

Path Length 

(m) 
8.15 8.19 7.40 7.88 7.37 8.52 

Energy Consumed 

(J) 
693.75 576.74 776.10 506.92 667.26 593.13 

Computational Time 

(ms) 
72 86 655 32 203 69 

 

Parameters 



 

 
 

 

 

     

(a)                                                         (b) 

Figure 9: Scenario 2 path planning results using: (a) a distance cost function, (b) an energy cost function 

       
(a)                                                                                         (b) 

Figure 10: Scenario 3 path planning results using: (a) a distance cost function, (b) an energy cost function 
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