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ABSTRACT

In modern systems such as aircraft and spacecraft, there is an increasing demand

for reliability and safety. Many dynamic systems are complex technical systems that

involve extensive use of multiple sensors, actuators and other system components, any

one of which could fail or deteriorate. Hence, health monitoring and supervision of

these systems is essential for the improvement of reliability, safety and dependability

of operations. This entails continuously checking a physical system for faults and

taking appropriate actions to maintain the operation in such situations. In particular,

the objective is to detect and isolate failures or anomalies in the sensors, actuators

and components. This research examines the use of mixed structured singular value

(MSSV) and `1 theories in the development of a robust fault detection and isolation

(FDI) scheme. MSSV theory allows real parametric uncertainty to be treated as

slowly time-varying, real parametric uncertainty, which is a much less conservative

model than one based on quadratic Lyapunov theory or the small gain theorem.

This reduced conservatism allows the estimators to be used for more accurate fault

detection. In order to address time-domain point-wise-in-time performance, `1 theory

[69] is used to specify the performance criterion. It is appropriate in situations

involving persistent, unknown but bounded exogenous signals. In instances such as

this, the H2 norm, which requires a bounded energy signal, or the induced 2-norm

(i.e., the H∞ norm) are not the most adequate in capturing the features of this

problem.

Initially, the first objective of this research was to design a robust controller

in order to provide a stable closed-loop system for the FDI process. However, it

is discovered that it is not needed in this instance for the FDI scheme but, the

xii



design provides a significant contribution. The robust controller design and the FDI

development are closely related through the use of the MSSV and `1 theories.

The objective of the robust control problem is to obtain a feedback controller such

that the closed-loop system satisfies a desired performance criteria in the presence

of all possible exogenous signals and subject to all possible plant perturbations in a

given set. This objective must be achieved while maintaining system stability. This

research considers the use of a real-coded genetic algorithm (RCGA) in the design

of a robust multivariable PI controller under the framework of multiplier theory

(essentially MSSV theory). Using a Popov-Tsypkin multiplier the robust control

design is formulated as an `1 optimization problem. The solution to this problem

is described using an RCGA to obtain the optimal proportional and integral gains.

This approach is illustrated in the design of a robust PI controller for a discrete-time,

linear uncertain model of an advanced afterburning turbofan engine.

The main contribution of this research is the application of robust `1 estimation to

fault robust fault detection and isolation. This is accomplished by developing a series,

or bank, of robust estimators (full-order observers), each of which is designed such

that the residual will be sensitive to a certain fault (or faults) while insensitive to the

remaining faults. Robustness is incorporated by assuring that the residual remains

insensitive to exogenous disturbances as well as modelling uncertainty. MSSV and `1

theories are used to develop the appropriate threshold logic to evaluate the outputs

of the estimators used for determining the occurrence and location of a fault. A

real-coded genetic algorithm is used to obtain the optimal estimator gain matrices.

The effectiveness of this robust FDI technique is illustrated as it is applied to a

discrete-time, linear jet engine model.

After successful development and demonstration of the robust FDI technique a

more realistic application is further examined. Although significant results have been

achieved in FDI for engineering systems, many of the methodologies have not been

xiii



widely utilized for industrial problems. Without well-defined, practical examples

there remains a disconnect between the research and industrial communities. Hence,

to aid in the transition of theory to practice, this research applies the robust FDI

technique to a realistic, nonlinear industrial diesel engine benchmark that was de-

fined by Blanke et al. Using a linear model and assuming appropriate parametric

uncertainty, a bank of robust linear estimators is developed using MSSV and `1 the-

ories. To obtain the estimator parameters a real-coded genetic algorithm is used to

solve the optimization problem. These estimators are then used to perform FDI of

the industrial diesel engine actuator.

xiv



CHAPTER 1

INTRODUCTION

1.1 Motivation

In early literature, the terms “fault” and “failure” were used interchangeably;

however, recent literature has distinguished the two with precise definitions. A

“fault” is defined as an unpermitted deviation of at least one characteristic property

or parameter of a system from the acceptable or standard condition. A “failure”

is defined as a permanent interruption of a system’s ability to perform a required

function under specified operating conditions [11]. Thus, a fault denotes a possibly

tolerable malfunction while a failure denotes a complete breakdown and is a special

case of a fault.

Many modern dynamic systems encompass numerous connections and intercon-

nections between system components and measurement devices. A fault in just one

of these sectors can have adverse affects on the integrity of the entire system. Early

detection of faults can aid in avoiding system shutdown, breakdown or even disasters

involving human fatalities and material damage. For example, a jet engine is a com-

plex technical system that involves extensive use of multiple sensors, actuators and

other system components, any one of which could deteriorate. The engine is very

critical for an aircraft and if faults occur, the consequences can be extremely serious.

Consequently, over the years reliability and safety in dynamic systems have become

the focal points of research [10, 12, 17, 19, 25, 30, 35]. As such, health monitoring

1
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and supervision is essential for the improvement of reliability, safety and dependabil-

ity of operations. This entails continuously checking a physical system for faults and

taking appropriate actions to maintain the operation in such situations.

Fault detection and isolation (FDI) is the essence of health monitoring and su-

pervision, whereby the objective is to detect and isolate faults or anomalies in the

sensors, actuators and components so that appropriate measures can be taken to en-

sure the quality of performance. A traditional approach to achieving FDI is through

the use of hardware replication. For example, a sensor is triplicated or quadrupli-

cated and the outputs of the like sensors are compared directly. If the output of

one sensor deviates significantly from the others, the sensor is considered to have a

fault [50]. This approach is known as physical redundancy. In later years interest in

FDI shifted to analytical redundancy, which makes use of a mathematical model of

the system to analyze the relationship of the system behavior (outputs) to given in-

puts. Thus, the consistency of the outputs can be checked without the extra physical

components. This method was mainly explored to alleviate the sometimes high cost

entailed in hardware replication since some systems require in excess of 100 sensors

to adequately sense system parameters. To triplicate each of these sensors can be

financially cumbersome and somewhat unreasonable.

One drawback of this analytical (or model-based) approach to FDI is the errors

that may occur in the modelling of the dynamic system. Due to the dependency

on the model accuracy, the estimates of the system outputs can be sensitive to

discrepancies between the model and the actual system. These modelling errors

tend to confuse the detection scheme and can be indistinguishable from the affects

of actual faults. Also, if not explicitly accounted for, this scheme can be susceptible

to the introduction of exogenous disturbances to the system which can also blur the

occurrence of an actual fault. As such, robustness was an additional point of focus

added to the improvement of FDI techniques. Robustness in FDI is defined as the
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degree to which the FDI performance is unaffected by (or remains insensitive to)

disturbances and other model uncertainties.

In considering the robustness aspects of FDI for feedback systems there are gen-

erally two approaches: open-loop and closed-loop design. When designing the de-

tection filter, the first approach treats the control input as a known external input

signal and does not take into account how it is calculated. In essence, the feedback

system is viewed as an open-loop system. The latter approach considers that the

input signal is generated by a feedback controller. As such, the design of this con-

troller is essential to the FDI procedure. It is shown in [57, 66] and the references

therein that when only the nominal system (i.e., with no uncertainty) is considered,

both the open-loop and closed-loop approaches yield identical fault estimation error.

Thus, the FDI filter can be designed using the open-loop approach and applied to

the closed-loop. However, this result does not hold true in the presence of model

uncertainty. For the open-loop approach, following derivations in [57, 66], it is shown

that the size of the fault estimation error increases with the size of the uncertainty

introduced into the nominal system. The estimation precision is also reduced by

uncertainty that propagates through the control input signal.

In practice, many systems that require an FDI procedure are feedback systems.

Thus, the closed-loop approach is the most appropriate scheme. However, as a

consequence of closing the feedback loop a trade-off between robust stability and

FDI performance arises i.e., if the robust stability margin decreases then the fault

estimation error increases [66], and the converse. Therefore, the key to robust FDI

development is finding the best trade-off between good closed-loop performance and

good fault detection. In order to capture an initial degree of robustness this research

considered the use of the closed-loop approach to FDI. This involves the design of

a controller that has robust characteristics with respect to system uncertainty and

disturbance. As such, the first objective of this research is the design of a robust,
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discrete-time, multivariable PI controller under the framework of mixed structured

singular value theory (discussed later in detail). In order to address time-domain

point-wise-in-time performance, `1 theory [69] is used to specify the performance

criterion. It is appropriate in situations involving persistent, unknown but bounded

exogenous signals, such as when it is desired to minimize the worst-case tracking error

while maintaining the control action below a given value in the presence of persistent,

bounded noise [63]. In instances such as this, the H2 norm, which requires a bounded

energy signal, or the induced 2-norm (i.e., the H∞ norm) are not the most adequate in

capturing the features of this problem. Genetic algorithms have consistently yielded

good results in such applications and therefore are employed in the optimization

process. The robust controller synthesis is the initial phase in the development of

robust FDI design.

Over the last two decades research in the area of FDI for engineering systems

has greatly increased. Specifically, robustness in estimator-based approaches has ac-

counted for much of the attention. The key component in these methodologies is the

computation of the residual or estimation error, which is the difference between the

actual and estimated plant output. The residuals are used to accentuate faults in

the system and in principle should be zero in fault free operation and nonzero in the

presence of a fault. However, due to factors such as modelling uncertainty and exoge-

nous disturbances, i.e., plant disturbances and measurement noise, the residuals are

almost always nonzero, even in fault free operation. One way of accounting for this

condition, is to use a threshold to determine the occurrence of a fault. Comparison of

some function (e.g., a norm) of the residual to the threshold is used as the indicator

that separates the faulty system from the fault free case. The selection of the thresh-

old can be dependent on some measure of the magnitude of the exogenous system

input. It is the aim of a robust fault detection system to be sensitive to faults while

remaining insensitive to model uncertainty and disturbances. As previously stated,
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this area has attracted considerable research interest. However, there remains a need

for more effective methodologies for FDI.

This research seeks to improve the performance of estimator-based FDI by ex-

tending the recently developed mixed structured singular value technique for fault

detection [15, 17, 19, 31, 41, 42] to include fault isolation. Mixed structured singu-

lar value (MSSV) theory allows real parametric uncertainty to be treated as slowly

time-varying, real parametric uncertainty. It takes a less conservative approach to

the structure of model uncertainty than other theories. Although past research

proved this technique to be effective in achieving robust fault detection, its main

focus was specifically on fault detection without fault isolation. This, in itself, is a

major drawback. For health monitoring it is not sufficient to only know that a fault

has occurred somewhere within the system. In order to actually modify the control

system to accommodate a fault, it is also necessary to determine the location of the

fault. This research considers the design of robust estimators for fault detection and

fault isolation. Therefore the main objective of this research will be the formulation,

development and implementation of numerical algorithms for the design of robust

estimators that can be used for FDI. Past research was also limited, in some respects,

to the degree of robustness as input uncertainty (i.e., uncertainty in the input distri-

bution matrix) was not considered. In more practical problems input uncertainty is

very common in nature. As such, this research explicitly considers this uncertainty

in addressing the robustness aspects of FDI.

Although significant theoretical results have been achieved in FDI research, many

of these methodologies have not been widely utilized for industrial problems. In

1995, Blanke et al. [6] suggested that this was due to the scarcity of well-defined

and realistic examples for use within the research community, and hence defined

a well-established industrial example. These types of applications are essential for

validation and assessment of FDI techniques and can help lead to practical imple-
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mentation. Thus, another key objective of this research is the application of the

robust `1 FDI technique to this benchmark.

In general, this research can be divided into three main objectives:

1. Design of a robust, discrete-time, multivariable PI controller under the frame-

work of MSSV theory for robust closed-loop performance. Using a Popov-

Tsypkin multiplier, the robust control design is formulated as an `1 optimiza-

tion problem and solved using a real-coded genetic algorithm to find the optimal

controller parameters. This objective was originally conceived as an initial step

to the robust FDI problem. However, it is discovered that this controller is not

needed in this instance for the FDI development but, the nontrivial design pro-

vides a significant contribution, in itself. The robust controller design and the

FDI scheme are closely related through the use of the MSSV and `1 theories.

2. Formulation and development of numerical algorithms for the design of robust

estimators used for FDI. These estimators will be sensitive with respect to

specific faults while insensitive with respect to remaining faults, errors in the

system model, and exogenous disturbances.

3. Application of robust `1 fault detection and isolation technique to a nonlinear

industrial diesel engine actuator benchmark.

1.2 Historical Overview

Early control systems theory and controller design focused primarily on single-

input-single-output (SISO) systems. Due to the inherent nature of dynamic systems

feedback control was used to desensitize control systems to changes in the process as

well as to stabilize unstable systems [23]. Classical control theory utilizes techniques

such as Bode plots, Nyquist plots, and other frequency domain methods. These
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methods were used in the design of various controllers such as lead and lag compen-

sators and the very popular PI (proportional-plus-integral) and PID (proportional-

plus-integral-plus-derivative) type controllers. Because early design theories were

primarily dedicated to SISO systems they were very limited in application and scope

since many practical systems were multi-input-multi-output (MIMO). Thus, many

of the classical control design methods were not directly applied to such systems.

The need for more sophisticated control systems sparked a movement toward time-

domain descriptions. With the emergence of multivariable control many existing

design theories were extended to include MIMO systems. This resulted in significant

developments in controller design such as the popular LQG and H2 optimal theories

[27, 23, 64, 63, 77]. However, it was observed that LQG control did not adequately

address uncertainty and the underlying robust performance.

Motivated by the shortcomings of LQG control and the interest to address uncer-

tainty in a systematic and tractable way, the 1980’s saw a significant shift towards

H∞ optimization for robust control [27, 28, 33, 64]. It is argued by Zames that

the poor robustness properties of LQG could be attributed to the integral criterion

in terms of the H2 norm and that its representation of plant uncertainty as white

noise disturbance signals is unrealistic [64]. The H∞ problem was originally formu-

lated in the influential work of Zames [76] and later solved through works of many

other researchers. It is strongly rooted in classical techniques and has motivated

a powerful paradigm for control system design under uncertainty [23]. With the

structured perturbation problem Doyle [27] highlights the differences between SISO

and MIMO systems and addresses multivariable systems through structured singu-

lar value (SSV) analysis and synthesis. Yet, being purely a frequency domain based

theory, it failed to explicitly consider time-domain specifications such as tracking.

This subsequently led to the development of a new theory which fits under the H∞

paradigm [23]. The `1 theory [69] addresses a different class of problems and captures
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fundamental limitations of achievable time-domain performance under uncertainty

[23]. It is appropriate in situations involving persistent, unknown but bounded ex-

ogenous signals, such as when it is desired to minimize the worst-case tracking error

while maintaining the control action below a given value in the presence of persistent,

bounded noise [63]. In instances such as this, the induced 2-norm (i.e., the H∞ norm)

is not the most adequate in capturing the features of the problem. Currently, both

H∞ and `1 theories are used in a wide range of applications. They have motivated

a class of numerical problems that deal with mixed objectives and various uncertain

environments.

1.3 Robustness and Uncertainty

Uncertainty is represented by assuming that the dynamic behavior of the plant

is not described by a single linear time-invariant (LTI) model but rather a group

or set of possible LTI models, usually referred to as an “uncertainty set.” Model

uncertainty can have several origins such as approximated parameters in the linear

representation, parameter variation due to nonlinearities, or imperfections in mea-

surement devices. It is usually grouped into two categories: parametric uncertainty

(sometimes referred to as structured uncertainty) or unmodeled dynamics (sometimes

referred to as unstructured uncertainty). In the former the structure of the model is

known but some parameters are uncertain. The latter has missing dynamics which

are usually at high frequencies. In the representation of these uncertainties, varia-

tions are primarily in the manner in which it is structured (or unstructured). An

example taken from [77] considers the problem of bounding the magnitude of the

effect of uncertainty on the output of a nominally fixed linear system. In this in-

stance the uncertainty can be measured by the bound of the power spectrum of the

deviation from the nominal response. In the simplest case, this power spectrum is

assumed to independent of the input. Essentially, the uncertainty is assumed to be
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Figure 1.1: General Control Configuration of Uncertain System.
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Figure 1.2: N∆-structure of Uncertain System.

an additive noise signal. Although no physical system is linear with additive noise

this type of model can approximate some of the behavior quite well. In the 1960’s

and ’70’s a great deal of research focused on this type of uncertainty with some

promising results for many problems (e.g. white noise propagation in linear systems,

Wiener and Kalman filtering, and LQG optimal control) [77]. However, as previously

mentioned, uncertainty was not adequately addressed.

The general representations of an uncertain system are shown in Figures 1.1

and 1.2 where ∆ represents uncertainty (perturbations to the nominal system). In

controller design and synthesis the configuration in Figure 1.1 is normally used while

the configuration in Figure 1.2 is mainly used in robust stability analysis. Model

uncertainty should always be bounded, otherwise with absolutely no knowledge of

the system, the problem becomes ill-posed. More specifically, with any controller

connected to a completely uncertain system there is always the possibility of the

closed-loop becoming unstable [63]. Generally, the imposed criterion for parametric
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uncertainty is |∆| ≤ 1 while for unmodeled dynamics ‖∆‖∞ ≤ 1. If perturbations are

restricted to be real, parametric uncertainty may be represented in the H∞ framework

(examples given in [64]). However, this type of uncertainty is often avoided for

several reasons. Two of the primary reasons are (1) the exact model is required thus,

unmodeled dynamics cannot be accounted for and (2) real perturbations are required

which are mathematically and numerically difficult to handle. Therefore, parametric

uncertainty is often represented by complex perturbations where |∆(jω)| ≤ 1.

The objective of the robust control problem is to obtain a feedback controller such

that the closed-loop system satisfies a desired performance criteria in the presence

of all possible exogenous signals and subject to all possible plant perturbations in a

given set. This objective must be achieved while maintaining system stability. Meth-

ods for analyzing the robust stability and performance of the system are, in principle,

based on assumptions made on the “structure” of the uncertainty. Unstructured un-

certainty is modelled by connecting an unknown but bounded perturbation to the

plant. Very little information is needed for this type of uncertainty, only the bound

and how it is connected. Structured uncertainty is a general form of uncertainty and

arises when the plant is subject to multiple perturbations. Multiple uncertainties can

occur when the plant contains a number of uncertain parameters, multiple unstruc-

tured uncertainties, or both multiplicative and additive perturbations. Perhaps the

more well-known methods for addressing unstructured and structured uncertainty

are the small gain theorem and structured singular value theory, respectively.

The structured singular value (SSV), denoted µ, was introduced by Doyle

[27]. It is a function that provides a generalization of the maximum singular value

σ̄. It seeks to find the smallest structured perturbation ∆ (measured in terms of

σ̄(∆)) that destabilizes the closed-loop system (i.e., a pole on the imaginary axis).
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Consider the system in Figure 1.2 with block diagonal uncertainty

∆ = diag{∆i} =




∆1

. . .

∆i


 , (1.1)

where all admissible perturbations are bounded such that ‖∆i‖∞ ≤ 1. Any unstable

pole of the closed-loop system is a solution of

det(I −N∆) = 0; (1.2)

then,

µ∆(N) =
1

σ̄(∆)
. (1.3)

The “size” of the smallest destabilizing perturbation is defined as

min
∆
{σ̄(∆)| det(I −N∆) = 0} . (1.4)

Thus, the structured singular value is formally defined as

µ∆(N) =
1

min∆ {σ̄(∆)| det(I −N∆) = 0} . (1.5)

A more detailed discussion on structured singular value theory (theorems and proofs)

can be found in [63, 64, 77] and the references therein.

1.4 Robust Controller Theory and Design

As previously mentioned, this research considers the closed-loop approach to FDI

and filter design which is initialized with an optimal controller. As such, a method

of optimal controller development is examined.

PI and PID controllers were designed and implemented as compensators to im-

prove transient and steady-state responses of a system. Constant gain control or
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proportional control is achieved when the control input is made proportional to the

error (i.e. the difference between the reference input and the output) of a feedback

system. Although this type of control is effective in reducing the error response due

to disturbances it may not be capable of entirely rejecting a constant disturbance.

In addition, proportional feedback increases the speed of response but has a much

larger transient overshoot [36]. The major drawback to this type of control is the

susceptibility to non-zero steady-state errors. This can be somewhat combated by

increasing the feedback gain; however, larger gain values will typically lead to system

instability. To improve the steady-state accuracy without the high gains this propor-

tional compensator is used in conjunction with an integral compensator to form the

PI controller. The integral part of the control input is generated by a term that is

proportional to the integral of the system error. This, in effect, reduces or eliminates

the steady-state error but, deterioration in the transient response is an undesirable

expense. Therefore, another part of the control input is added proportional to the

derivative of the error that helps to increase the damping and generally improve the

stability of the system [36]. Using a linear combination of the three control strategies

produces the PID controller which provides an acceptable degree of error reduction

while simultaneously providing acceptable stability and damping. The effectiveness

of these types of controllers has made them standard in many industrial processes.
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Recent works have applied PI and PID designs to robust multivariable control

[32, 52, 55, 68] and the references therein. In [32] a discrete representation of multi-

variable PI control is applied to the NASA/Grumman Control Reconfigurable Com-

bat Aircraft (CRCA). Two versions of the discrete-time PI-observer are introduced

in [55]. These observers are formulated in a manner such that standard LQG de-

sign techniques [23, 64, 77] are utilized. In [68] two popular multivariable control

techniques are examined. The first extends single loop control of SISO systems to a

MIMO structure. This approach involves having a process controller in each individ-

ual loop in the system and each controller uses a control algorithm best suited to that

particular loop [68]. The second approach is considered centralized or co-ordinated

and is more multivariable in nature. It uses all measurements to calculate required

control inputs with a single control algorithm to obtain a desired performance. A new

control strategy is introduced based on state-space generalized predictive control cri-

terion. Mattei [52] considers a class of linear parameter varying MIMO systems and

proposes state-space parameterizations to convert PI and PID controller synthesis

into an LMI optimization problem. The technique guarantees uniform exponential

stability of the closed-loop system with a bound on the H∞ norm.
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Chen et. al. [8] proposes a genetic approach to the design of H2/H∞ optimal

PID controllers. A binary coded representation for genetic algorithm (GA) is used for

optimization. However, as discussed in the next chapter, this type of representation

can have some disadvantages. In [48], the real-coded genetic algorithm (RCGA) is

used in a design method for a robust PID controller with two degrees of freedom. The

method is based on linear matrix inequalities (LMIs). This research considers the

use of a robust multivariable PI controller for the closed-loop feedback system. The

controller is designed to possess optimal tracking and robust stability properties in

the presence of exogenous disturbances as well as system uncertainty. This is achieved

under the framework of mixed structured singular value theory (discussed in a later

section) and is formulated as an `1 optimization problem. The optimal controller

gains are obtained using a real-coded genetic algorithm (described in Chapter 2).

As previously stated, this controller design is not subsequently used in the robust

FDI development. However, the design of a robust, multivariable PI controller using

MSSV and `1 theories provides a significant contribution with some key results. The

design methodology is closely related to the robust FDI development through the

use of the aforementioned theories.

1.5 Robust Estimator-based FDI

One of the primary approaches to model-based, FDI uses state or output estima-

tors [1, 34, 35, 37, 38, 60, 59]. Referring to Figure 1.5, a bank of estimators is used

to generate residuals r(i)(t). These residuals are then analyzed by some appropriate

logic (e.g., logic based on fixed thresholds) which infers whether faults have occurred

(fault detection) and where they have occurred (fault isolation).

The estimators shown in Figure 1.5 may be designed in a variety of ways, for

example by using Kalman filter theory (i.e., H2 optimal estimation) [18, 71, 72],

H∞ theory [17, 29, 62], or `1 theory [2, 19, 30, 69]. Whichever method is used
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for designing the estimator, it will use an idealized mathematical description of the

underlying plant. In practice this model of the plant is never totally accurate, which

can degrade the quality of the residuals produced by the estimators. The errors in the

plant model may be either parametric or unstructured (e.g., unmodeled dynamics).

To reduce the degradation in the quality of the residuals upon which the FDI process

is based, and hence to reduce the false alarm rate, it is imperative that the plant

uncertainty be explicitly taken into account in the design of the estimators.

One of the more common robust residual generation approaches models the un-

certainties as extra disturbance input terms and utilizes the technique of disturbance

decoupling, i.e., it attempts to completely decouple the effects of the disturbance in-

puts from those caused by faults [10, 12, 35, 39, 45]. This can be done using methods

such as parity relations [35, 39, 45], unknown input observers [10, 11, 12], and de-

tection filters [12]. Though each of these methods can produce significant results, in

certain instances they are limited in their usefulness. In practice, due to the large

number of unknown inputs, complete decoupling of the disturbances is usually not
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possible. Also, if the uncertainty is unstructured, perfect decoupling can be virtually

impossible to achieve [35].

The parity relation approach uses temporal redundancy (time-oriented) rela-

tions of the dynamic system. The key to is to check the parity (consistency) of the

mathematical equations of the system using actual measurements [65]. These equa-

tions, which are a collection of sensor outputs over a time interval (data window),

form a generalized parity space. In the presence of a fault, errors in the parity space

provide a fault signature with directional characteristics.

Given the linear discrete-time system

x(k + 1) = Ax(k) + Bu(k) + R1f(k), (1.6)

y(k) = Cx(k) + Du(k) + R2f(k), (1.7)

where x ∈ Rn is the state vector, y ∈ Rm is the output vector, u ∈ Rr is input

vector, f ∈ Rg is the fault vector, and A, B, C, D, R1 and R2 are real matrices

of compatible dimensions. Redundant relations are constructed by combining (1.6)

and (1.7) from time instant k − s to time instant k to yield




y(k − s)

y(k − s + 1)
...

y(k)



−H




u(k − s)

u(k − s + 1)
...

u(k)




= Wx(k − s) + M




f(k − s)

f(k − s + 1)
...

f(k)




,

(1.8)
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where

H =




D 0 · · · 0

CB D · · · 0
...

...
. . .

...

CAs−1B CAs−2B . . . D



∈ R(s+1)m×(s+1)r (1.9)

W =




C

CA
...

CAs



∈ R(s+1)m×n, (1.10)

and the matrix M is constructed by replacing {D,B} with {R1, R2} in the matrix

H. Simplifying, (1.8) can be rewritten as

Y (k)−HU(k) = Wx(k − s) + MF (k), (1.11)

and the residual signal can be defined as

r(k) = V [Y (k)−HU(k)], (1.12)

where V ∈ Rp×(s+1)m and p is the residual vector dimension. Equation (1.12) is

termed the parity equation or parity relation and shows the residual signal as a

function of the measured inputs and outputs of the system. Substituting (1.11) into

(1.12) yields

r(k) = V Wx(k − s) + V MF (k). (1.13)

In order to make the parity vector (residual) useful for FDI it should be insensitive

to system inputs and states, i.e.,

V W = 0, (1.14)
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and must satisfy the fault detectability condition

V M 6= 0. (1.15)

This parity relation approach can be used to design a structured residual set

for fault isolation and is detailed in [11] and the references therein. In a robust

parity relation design the key is to find the so-called parity vector such that the

effects of uncertainty and disturbance are decoupled from the residual signals while

no fault effect is obscured [65]. As argued in [70] this approach is limited by the

temporal nature of the parity relations themselves. The directional fault signature

is not generally constrained and the fault magnitude of some or all of the residuals

may disappear after n samples (n the dimension of the state space).

The unknown input observer (UIO) is an approach with similar objectives

as parity space relations. This approach simplifies the detection filter problem by

dividing the entire set of faults into two sets: the faults which are to be detected and

those which are disturbances [14]. The key to this method is to make the second

set unobservable. If the unobservable subspace containing the disturbing faults is

factored out a reduced-order residual generator can be used to monitor the lower

dimensional system [14, 51].

Given the linear dynamic system

ẋ(t) = Ax(t) + Bu(t) + Ed(t) + Bfa(t), (1.16)

y(t) = Cx(t) + fs(t), (1.17)

where x(t) ∈ Rn is the state vector, y(t) ∈ Rm is the output vector, u(t) ∈ Rr is

the known input vector, d(t) ∈ Rq is the unknown input (or disturbance) vector,

fa(t) ∈ Rr denotes the presence of actuator faults and fs(t) ∈ Rm denotes sensor

faults. A, B, C and E are known matrices with appropriate dimensions.
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The structure for a full-order UIO is described as

ż(t) = Fz(t) + TBu(t) + Ky(t), (1.18)

x̂(t) = z(t) + Hy(t), (1.19)

where x̂ ∈ Rn is the estimated state vector and z ∈ Rn is the state of this full-order

observer, and F , T , K, H are matrices to be designed for achieving unknown input

decoupling and other design requirements. When the state estimation is available,

the residual can be generated as

r(t) = y(t)− Cx̂(t) = (I − CH)y(t)− Cz(t). (1.20)

When this residual generator is applied to the system described by (1.16) and (1.17)

the residual and state estimation error (e(t) = x(t)− x̂(t)) are

ė(t) = (A1 −K1C)e(t) + TBfa(t) + K1fs(t)−Hḟs(t), (1.21)

r(t) = Ce(t) + fs(t), (1.22)

where

A1 = A− E[(CE)T CE]−1(CE)T CA, (1.23)

K = K1 + K2, (1.24)

and the following relations hold true:

(HC − I)E = 0, (1.25)

T = I −HC, (1.26)

F = A−HCA−K1C, (1.27)

K2 = FH. (1.28)

Note that K1 is a free matrix of parameters in the design of a UIO. After it is

computed, other parameter matrices can be computed using (1.23)-(1.28), as detailed

in [11, 12].
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It can be seen from (1.21) that disturbance effects have been decoupled from the

residual. To detect actuator faults TB 6= 0. More specifically, the fault in the ith

actuator will affect the residual if and only if Tbi 6= 0 where bi is the ith column of

the matrix B. Similarly the residual has to be made sensitive to fs(t) if sensor faults

are to be detected. This is normally satisfied as the sensor fault vector fs(t) has a

direct effect on the residual r(t). The robust residual is used to detect a fault using

simple threshold logic:

‖r(t)‖ < Threshold for fault-free case

‖r(t)‖ ≥ Threshold for faulty case (1.29)

For robust sensor fault isolation all actuators are assumed to be fault free and a

system of residual generators is constructed using the previously described method.

Each generator is designed to detect a particular sensor fault. Conversely, for robust

actuator fault isolation all sensors are assumed to be fault free and a system of

residual generators is constructed for each particular actuator fault.

As previously illustrated, the UIO approach assumes that the uncertainty can be

treated in the same manner as the disturbance inputs and thus can be decoupled.

Also, the prerequisite for complete decoupling is that the number of measured outputs

be at least as large as the number of unknown inputs [12]. Generally, these conditions

will not be satisfied and approximate methods are employed such as eigenstructure

assignment [70] or geometric theory [49].

Fault detection filters are described as a class of Luenberger full-order ob-

servers with residuals that possess known properties in the presence of faults. These

filters are commonly known as Beard fault detection filters (BFDF) [11, 12, 14,

49, 65, 70] and have proven to be the most effective means of generating direction

residual vectors. The feedback gain matrix is specially designed such that the out-

put estimation error (or residual vector) has unidirectional characteristics associated
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with a particular fault direction [12, 65]. The key to BFDF is that it is designed

such that the residual vector is fixed along a known direction for actuator faults and

constrained to a particular plane for sensor faults. As described in [14], this is ac-

complished by imparting a special invariant subspace into the observer whereby the

residuals can be associated with reachable subspaces. The detection filter restricts

each of these reachable subspaces to lie within an invariant subspace and fixes the

set of invariant subspaces containing the faults to be nonoverlapping. This in effect

constrains the fault to a single invariant subspace.

To describe the BFDF theory, consider a system without disturbances

ẋ(t) = Ax(t) + Bu(t) + bifai(t), (1.30)

y(t) = Cx(t) + Ijfsj(t). (1.31)

The term bifai(t)(i = 1, 2, . . . , r) denotes a fault in the ith actuator, bi ∈ Rn is the

fault vector, which is the ith column of the input matrix B, and fai(t) is an unknown

scalar time-varying function which represents the evolution of the fault. The term

Ijfsj(t)(j = 1, 2, . . . ,m) denotes a fault in the jth sensor, Ij ∈ Rm is the unit vector

corresponding to a fault with the jth sensor.

A BFDF is just a full-order observer and its structure and the residual are de-

scribed as

˙̂x(t) = Ax̂(t) + Bu(t) + K(y(t)− Cx̂(t)), (1.32)

r(t) = y(t)− Cx̂(t), (1.33)

where r ∈ Rm is the residual vector, x̂ ∈ Rn is the state estimation, and K ∈ Rm×n is

the observer gain matrix which is designed to make the residual have uni-directional

properties in the presence of a particular fault. When the BFDF observer in (1.32)

is applied to (1.30)-(1.31), the error system and residual when a fault occurs in the
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ith actuator, are given as

ė(t) = (A−KC)e(t) + bifai(t), (1.34)

r(t) = Ce(t). (1.35)

When a fault occurs in the jth sensor, the error system is

ė(t) = (A−KC)e(t)− kjfsj(t), (1.36)

r(t) = Ce(t) + Ijfsj(t), (1.37)

where kj is the jth column of the detection filter gain matrix.

The BFDF is designed to make Ce(t) have a fixed direction in the output space

responding to either bifai(t) or kjfsj(t). Both actuator and sensor faults can be

considered in the following general error system

ė(t) = (A−KC)e(t) + liξi(t), (1.38)

r(t) = Ce(t), (1.39)

where li ∈ Rn is called the fault event direction. The definition of the isolability

of a fault with known direction li is given by Beard [3] and is stated in [11, 12].

It is shown that a group of mutually isolable faults (i.e., faults that have distinct

fixed directions) can be isolated using the residual generated by a single BFDF by

comparing the residual direction with the fault signature directions, when there are

no simultaneous faults.

Though BFDF are effective in detection and isolation they fail to address the

robustness aspects. Therefore, the effects of uncertainty and disturbances are po-

tential sources of false alarms and undetected faults. This is the fundamental flaw

in this approach and has limited the application. However, in later years research

developments addressed the robustness issues. Such as the robust fault detection

filter (RFDF) [11, 12] where the original idea of BFDF is combined with that of the
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UIO. This formulation is capable of accommodating uncertainties and disturbances

while generating unidirectional residual vectors.

The RFDF is described by considering a system with disturbance given as

ẋ(t) = Ax(t) + Bu(t) + Ed(t) + bifai(t), (1.40)

y(t) = Cx(t) + Ijfsj(t). (1.41)

Applying the standard BFDF in (1.32) and UIO and residual generator in (1.18)-

(1.20), the error system and residual are given as

ė(t) = (A1 −K1C)e(t) + Tbifai(t), (1.42)

r(t) = Ce(t) (1.43)

when a fault occurs in the ith actuator. Similarly, when a fault occurs in the jth

sensor

ė(t) = (A1 −K1C)e(t)− k1jfsj(t)− hj ḟsj(t), (1.44)

r(t) = Ce(t) + Ijfsj(t), (1.45)

where k1j is the jth column of the matrix K1 and hj is the jth column of the matrix

H. Again, the threshold logic in (1.29) is used to detect faults.

The game theoretic fault detection filter (GTFDF) [14] introduces an ap-

proximate detection filter, which follows closely with the UIO. This approach poses

the fault detection filter design as a disturbance attenuation problem patterned after

the fault detection process. An advantage of this method is that it is not limited

to time-invariant systems but is also applicable to time-varying systems as well. Its

key result is that it bounds the transmission of all exogenous disturbance signals

to the controlled output below a preset level [13, 14]. The primary requirement for

this is that the system be output separable. That is, two faults in the system have

reachable subspaces which that do not overlap [13]. Robustness is accounted for by
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converting the plant uncertainty into a fault signal and, if the target fault (i.e. the

fault to be detected) and the uncertainty are output separable, applying the GTFDF.

However, this condition of output separability [14] does not exist between the target

fault and uncertainty. Thus, the sufficient condition for guaranteeing the visibility

of the target fault is not satisfied. Subsequently, a trade-off between target fault

transmission, nuisance fault attenuation, and plant parameter robustness [13] must

be examined for maximum performance.

The GTFDF problem begins by considering the dynamic system

ẋ(t) = Ax(t) + Bu(t), (1.46)

y(t) = Cx(t) + v, (1.47)

where v is the sensor noise. It is shown that faults in the sensors and actuators and

unexpected changes in the plant dynamics can be modelled as additive signals

ẋ = Ax + Bu + F1µ1 + . . . + Fqµq. (1.48)

Let n denote the dimension of the state space. The n × pi matrix Fi, i = 1 . . . q,

is called the fault map and represents the directional characteristics of the ith fault.

The pi × 1 vector µi is the fault signal and represents the time dependence of the

fault. It is always assumed that Fi is monic, i.e., Fiµi 6= 0 for µi 6= 0. The fault

signal µ1 is the target fault and the other faults µj, j = 2 . . . q, are nuisance faults.

Without loss of generality the entire set of nuisance faults is represented with a single

map and vector

ẋ = Ax + Bu + F1µ1 + F2µ2. (1.49)

The GTFDF is a full-order observer of the form

˙̂x = A ˙̂x + L(y − Cx̂), (1.50)
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where L is an appropriately chosen filter gain matrix. The detection filter problem

is to detect the occurrence of the fault µ1 in spite of the measurement noise v and

the possible presence of the nuisance faults µ2. The solution works by keeping the

reachable subspaces of µ1 and µ2 in separate and nonintersecting invariant subspaces.

With a properly chosen projector H, the filter residual (y − Cx̂) is projected onto

the orthogonal complement of the invariant subspace containing µ2 and generates a

signal

z = H(y − Cx̂), (1.51)

such that

z = 0 when µ1 = 0 and µ2 is arbitrary. (1.52)

To be useful for FDI, z must also be such that

z 6= 0 when µ1 6= 0. (1.53)

The approximate detection filter design is posed as a disturbance attenuation

problem and requires that the transmission of the nuisance fault be bounded above

by a preset level γ > 0

‖z‖2

‖µ2‖2
≤ γ. (1.54)

This can be expanded into the disturbance attenuation function

Daf =

∫ t1
t0
‖HC(x− x̂)‖2

Qdt
∫ t1

t0
[‖µ2‖2

M−1 + ‖v‖2
V −1 ]dt + ‖x(t0)− x̂0‖2

P0

≤ γ, (1.55)

where x(t0) − x̂0 is the initial estimation error and M , V , Q and P0 are weighting

matrices. This function, which is simply a ratio of the outputs over the disturbances,

has added sensor noise v and initial error to incorporate the tradeoffs for noise and
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settling time into the problem. In [14] the problem is solved by converting (1.55)

into a cost function

J =

∫ t1

t0

[‖HC(x− x̂)‖2
Q − γ(‖µ2‖2

M−1 + ‖y − Cx‖2
V −1)

]
dt− ‖x(t0)− x̂0‖2∏

0
,

(1.56)

where
∏

0 := γ−1P0.

For a robust GTFDF uncertainty is incorporated in (1.49) and is described by

ẋ = (A + ∆A)x + Bu + F1µ1 + F2µ2. (1.57)

If the fault detection filter in (1.50) is applied to (1.57) the error equation is given

as

ė = (A + LC)e + ∆Ax + Bu + F1µ1 + F2µ2 + Lv. (1.58)

The plant uncertainty in (1.58) is converted into a failure input by defining F3 , ∆A

and µ3 , x. If F3 is output separable (described in [14]) from F1, then the GTFDF

is employed since the effect of the plant uncertainty is completely decoupled from

the target fault input µ1. However, this condition does not generally exist, thus the

target fault is not guaranteed to be visible at the output. Therefore, a trade-off

between target fault transmission, nuisance fault attenuation, and plant parameter

robustness is examined for maximum performance. This involves a modification to

the disturbance attenuation function to include model uncertainty.

Assuming the plant uncertainty ∆A can be decomposed as

∆A = F3ΛG, (1.59)

where F and G are known matrices of dimension n × r and r × n, respectively,

and Λ is an r × r matrix whose elements are unknown L2[t0, t1] functions. Defining

µ3 , ΛGx the new dynamical equation is

ẋ = Ax + Bu + F1µ1 + F2µ2 + F3µ3. (1.60)
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Additionally, the output z is augmented as

z =


 HC(x− x̂)

√
εGx


 , (1.61)

so that the modified disturbance attenuation function is given as

D∗
af =

∫ t1
t0

[‖HC(x− x̂)‖2
Q + ε‖Gx‖2]dt

∫ t1
t0

[‖µ2‖2
M−1 + ‖µ3‖2

N−1 + ‖v‖2
V −1 ]dt + ‖x(t0)− x̂0‖2

P0

≤ γ.

(1.62)

The parameter ε allows the contribution of the model uncertainty signal to the aug-

mented output to be adjusted [13]. This problem is solved with the associated cost

function

J∗ =

∫ t1

t0

[‖HC(x− x̂)‖2
Q + ε‖Gx‖2 − γ(‖µ2‖2

M−1

+ ‖µ3‖2
N−1 + ‖y − Cx‖2

V −1)]dt− ‖x(t0)− x̂0‖2∏
0
, (1.63)

In this research a similar approach to BFDF and GTFDF theories is taken in the

development of FDI filters. Specifically, the filter design possesses a parallel structure

to the full-order observer. However, the robustness aspects are investigated using

alternative techniques. While nuisance faults are viewed as disturbance signals and

thus attenuated, the target fault is simultaneously accentuated. That is, the filter

minimizes the transmission of disturbance signals to the residual while amplifying

the transmission of faulty signals. Also, a significant point of distinction is exhibited

in the treatment of uncertainty where a relatively new methodology is utilized.

Until recent work [17, 18, 19, 21], the relatively nonconservative mixed structured

singular value techniques [15, 31, 41, 42] had not been applied to robust estimation,

although more conservative techniques, based on the small gain theorem or fixed

quadratic Lyapunov functions, had been used [29, 62, 67, 75, 74]. Conservatism

in robustness theory involves how the theory actually models the uncertainty. For
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example, even if the uncertainty is real and parametric, the small gain theorem as-

sumes that the uncertainty is complex and unstructured with bounded magnitude.

Likewise, fixed quadratic Lyapunov function theory assumes that the uncertainty

is arbitrarily time-varying. A less conservative approach is one that is based on

multiplier theory (essentially mixed structure singular value theory) [16, 17, 18, 19].

Mixed structured singular value (MSSV) theory allows real parametric uncertainty

to be treated as slowly time-varying, real parametric uncertainty. The reduced con-

servatism of MSSV theory allows the estimators to be used for more accurate fault

detection. Specifically, the fixed thresholds are smaller, allowing the detection of

smaller faults. With more conservative theories the thresholds are larger, causing

some smaller faults to go undetected. In order to address time-domain point-wise-

in-time performance, `1 theory, which captures worst-case peak amplitude response

due to bounded persistent `∞ disturbances, is appropriately chosen as a performance

criterion [19].

As with all of the design methodologies, each is formulated as an optimization

problem. The solutions to these problems can be as different as the techniques used

to find them. Therefore, determining an appropriate optimization technique can be

essential to achieving ”optimality” in the design.

1.6 Optimization Using Genetic Algorithms

In recent years GAs have emerged as a new paradigm for optimization. The

central theme in the use of GAs has been robustness (not to be confused with previous

definitions of robustness). In the context of optimization, robustness relates to the

method’s ability to perform well over a wide variety of problems and applications.

Genetic algorithms can efficiently find an optimal solution from complex and possibly

discontinuous solution spaces without problem reformulation or evaluation of each

solution candidate. They offer the following additional advantages over traditional
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methods: (1) information about derivatives, Hessians or step sizes is not required,

(2) a population of points in the solution space is searched in parallel rather than

point by point, and (3) a number of potential solutions to a given problem can be

provided. GAs have been proven to provide efficiency (i.e. faster computation times

and smaller storage) and flexibility (i.e. adaptation to a range of complex problems)

in comparison to traditional methods of optimization. The robust qualities of GAs

are attracting much attention in research areas such as optimization in robust control

design.

Traditional optimization spans a wide region of methods, ranging from rather

simple to sometimes computationally intense techniques. Many of these methods

exhibit a strength in efficiency and accuracy, but are limited to a narrow domain

of related problems. Others command a larger band of problems, however have

only mediocre performance levels. Notwithstanding apparent limitations, many of

these methods have been standard in practice and application. In general, there are

four main types of optimization methods: calculus-based, enumerative, random and

randomized search techniques.

Calculus-based methods are the most popular of the four types and thus have

received much attention. The optimization techniques are rooted in classical math-

ematics developed in the 18th and 19th centuries. These may be subdivided into

two classes: indirect and direct [40]. Indirect methods set the gradient of the objec-

tive function equal to zero and searches for local extrema by solving the resulting

set of equations which are usually nonlinear. It generalizes the elementary calculus

notion of extremal points in multidimensional problem. Given a smooth, uncon-

strained function, finding a possible peak starts by restricting search to those points

with slopes of zero in all directions [40]. Direct methods, the more common of the

two, seek local optima by establishing an initial point on the function and progres-

sively moving in a direction that is related to the local gradient. Direct methods
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are deterministic in their search and generate successive results based solely on the

previous results. This usually employs the use of subsequent line search techniques

to determine the direction of search and step length (i.e., how far to move along that

direction). For an objective function defined in the variable x a general iteration is

given by

xk+1 = xk + αkpk, (1.64)

where αk is the step size and pk is the search direction. In the simplest method,

steepest descent, pk is proportional to the local gradient of the objective function.

Line search methods are distinguished by the manner in which this proportional-

ity, and thus the search direction, is computed. Some common techniques are the

Newton method [58], which makes use of Hessian (i.e., second order derivative of

the function); Quasi-Newton [58], which does not require computation of the Hes-

sian but uses approximations thereof; and conjugate gradient [58] which ensures two

successive search directions are conjugate.

While calculus-based methods have been improved over the years they lack ro-

bustness due to two major drawbacks. First, they are local in scope. That is, they

only seek an optimal solution in the neighborhood of the current point. This in-

troduces the susceptibility to convergence to local optima. Improvement must be

achieved through random restart or other creative means. There is no means to

search the solution space for a global optimum. Parallel methods can be used to

search multiple points in the space. However, there is still no guarantee of finding

an optimum value, especially in very noisy spaces with a multitude of local peaks or

troughs. Second, a strict requirement of calculus-based methods is that the problem

space be continuously differentiable. This demands the existence of derivatives and

Hessians (well-defined slope values). Even if numerical approximations of this infor-

mation is allowed it is still a severe shortcoming. Many real world problems do not

adhere to these requirements and are abundant in noisy spaces and discontinuities.
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Enumerative methods are based in an inherent simplicity and thus do not

require an extensive explanation. These schemes have been considered in many

forms and are fairly straightforward. Within a finite search space, or a discretized

infinite search space [40], the algorithm searches for an optimum value by evaluating

the objective function at every possible point in the space, one at a time. Although

the simplicity of this type of search is appealing, it is simultaneously the source of its

greatest flaw: horrendous inefficiency. Enumerative methods have an even smaller

range of applicability, in that they can only effectively handle trivial problem spaces.

Many practical spaces are simply too large and the computational task of searching

each point one at a time can become massive and unmanageable. As stated in [40],

even the highly touted enumerative scheme dynamic programming breaks down on

problems of moderate size and complexity.

Random search methods are also simple in nature and have gained popularity

due to the deficiencies in calculus-based and enumerative methods. Just as the name

suggests, these methods function by conducting random searches through the solution

space and recording the best (most optimal) solutions discovered thus far. Knowledge

gained from previous results is not used to determine the next search. Thus, these

methods are truly “directionless” which lends to their lack of efficiency. In the long

run, the performance of random search methods is expected to be no better than

that of enumerative schemes.

Randomized search methods are related to random search methods but have

apparent and distinguishable differences. Although random choice is used as a guide

through the solution space, the techniques are not directionless. Knowledge gained

from previous results in the search is combined with a randomizing feature which

provides a directed path through the space. The result is a powerful search technique

that can handle noisy, multimodal search spaces with some relative efficiency. One

popular search technique of this type is simulated annealing which uses random pro-
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cesses to help guide its form of search for minimal energy states. Genetic algorithms

are another example of randomized search techniques which use random choice as a

tool to guide a highly exploitative search through a coding of parameter space [40].

1.7 Types of Genetic Algorithms

GAs have a solid basis in genetics and evolutionary biological systems. However,

the mechanics of operation are generally simple. GAs are based on simple string

copying and sub-string concatenation. Information about the optimization problem,

such as variable parameters, is coded into a genetic string known as a chromosome.

GAs operate on a population of these chromosomes. Each chromosome, which de-

fines an individual of a population, represents a possible solution of the optimization

problem. Note that individual and chromosome can be used interchangeably. Eval-

uation of these individuals is based on their fitness or how well the it solves the

optimization problem. Sub-strings of the chromosomes, known as genes, contribute

in different ways to the overall fitness. Beginning with random initialization of a

population, transition to the next generation takes place via the application of the

genetic operators: selection, crossover (recombination), and mutation. The aim is to

successively increase the fitness of individuals and average fitness of each generation.

The flow chart for a single population GA is shown in Figure 1.6.

Although single population GAs are powerful and perform well on a wide range of

problems, better results can be obtained by introducing multiple subpopulations. Ev-

ery subpopulation evolves over a few generations isolated (like the single population

algorithm) before one or more individuals are exchanged between the subpopula-

tion [61]. Multiple population GAs also tend to have an increased convergence rate

with a broader spectrum of the solution space being searched at a given time. It is

particularly useful for more complex problems with large dimensional solution space.
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Figure 1.6: Flow Chart of Single Population GA

GAs can be divided into two categories, binary and real-coded, which are based

on the manner in which the chromosome strings are coded. The genetic operations

are described in terms of these classes of GAs.

1.7.1 Binary GAs

As the name suggests, binary GAs operate using binary digits. Given the ob-

jective function f(x), where x consists of n elements, the variables xi, i = 1, . . . , n,

are coded into binary numbers ci ∈ {0, 1}. Decoding of the binary numbers into the

corresponding real variables is shown with a pseudo-code given in [46].

Selection. The selection process is directly based on Darwin’s principle of nat-

ural selection and “survival of the fittest”. The fittest individuals from the current
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population are chosen to continue into the next generation. The fitness of an individ-

ual is rated with a fitness value, which is based on the prescribed objective function

of the problem. Selection compares the fitness of one individual to the others in

the population and decides which will “survive” to the next generation. “Good in-

dividuals” are favored to advance with a high probability while “bad individuals”

advance with low probability to the next generation [46]. Selection methods exhibit

different levels of efficiency, but two are more common. In proportionate selection

the probability of selection of a chromosome is proportional to its relative fitness.

This method is often described in parallel to the properties of a roulette wheel. In

tournament selection the fittest individual chosen from a subgroup of the population

advances to the next generation. The size of this subgroup, called the tournament

size, generally dictates the fitness of the “winner” of the tournament or group.

Crossover. Crossover is the process by which new chromosome strings are cre-

ated. This is done by the exchange of genes between individuals of a population.

Two individuals (parents) are chosen to be crossed. The resulting offspring replace

the parents of the new population. Manipulation of the chromosome in such a man-

ner can lead to the loss of “good” genes, therefore crossover is carried out with

the crossover probability which is specified before the optimization process. A ran-

dom number between zero and one is generated. If the number is smaller than the

crossover probability, then two individuals are randomly chosen, and their chromo-

some are split at a crossover point. This point determines how the genes of the new

individuals will be composed.

Binary crossover, shown in Figure 1.7, begins with the random selection of two

individuals (parents). They are then divided at the crossover point into two parts.

Two new individuals are created by the combination of the genes. The first new

individual consists of the first part of the first parent and the second part of the
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Figure 1.7: Crossover for Binary Representation
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Figure 1.8: Mutation for Binary Representation

second parent. Similarly, the second new individual consists of the first part of the

second parent and the second part of the first parent.

Mutation. Mutation is a random process in which gene(s) of a chromosome are

changed. It effects the random variation upon the gene of an individual. A mutation

is executed with a mutation probability which is defined before the optimization

process. It is performed in order to ensure genetic diversity within the population

by producing individuals that contain new genes and are not totally evolved from

the previous generation. In effect, this process aids in the prevention of convergence

to local optima. In binary GA mutation, one bit (or several bits) of a chromosome

is (are) randomly selected at a bit position (or bit positions) and inverted, i.e., a

gene with the value 0 is converted to a gene with a value of 1, and vice versa. This

process is illustrated in Figure 1.8 for single and multiple gene mutation.
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Figure 1.9: Stochastic Universal Sampling for Real-Coded Selection

1.7.2 Real-Coded GAs

As implied by the name, real-coded GAs operate using real numbers as variable

representation. For optimization with variables in the continuous domain, this type

of representation is easier and more direct. An individual consists of a vector of real

numbers xi, i = 1, . . . , n, where each element corresponds to a characteristic of the

individual, a gene.

Selection. In real-coded GAs a common selection process is conducted using

stochastic universal sampling. Individuals of a population are mapped to a line

segment, such that each individual’s segment is equal in size to its normalized fitness

value. Then, N equally spaced pointers are placed along the line segment, where

N is the number of individuals to be selected. The position of the first pointer

is determined by a randomly generated number p ∈ [0, 1
N

] where 1
N

is the spacing

between pointers. This method of selection is analogous to roulette wheel selection

[40] and is illustrated in Figure 1.9 for a population of 8 individuals, ni, with N = 4.

From this example it can be seen that individuals n2, n3, n5 and n7 are chosen.

Recombination. In real-coded GAs recombination is parallel to crossover in

binary GA. It is the process by which new chromosomes are produced from existing

ones and involves the exchange of the individuals’ numeric values. Let p1 and p2

represent two individuals (parents) who are to reproduce. The offspring p′1 and p′2
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are produced as a linear combination of the parents:

p′1 = αp1 + (1− α)p2, (1.65)

p′2 = (1− α)p1 + αp2, (1.66)

where α ∈ [0, 1] is a recombination parameter.

Mutation. The mutation process was originally developed for binary represen-

tation, however, other methods have been developed to allow gene modification in

a real-coded GA. These methods apply a probabilistic distribution, which is defined

over the domain of the possible values for each gene [46]. The mutation operation

randomly alters one or more genes of a selected chromosome. More specifically, ran-

domly generated values are added to the genes with low probability. Thus, some

variables must be predefined such as the mutation rate (the probability of mutating

a gene) and mutation step (the size of the changes for each mutated gene). The

probability of mutation is inversely proportional to the number of variables (dimen-

sions). The more dimensions an individual has, the smaller the mutation probability

[61]. An effective mutation operator, which produces small step sizes with a high

probability and large step sizes with a low probability, is defined as

Genmut
i = Geni + siriai, i ∈ {1, 2, . . . , m} uniform at random

(1.67)

si ∈ {−1, +1}, uniform at random (1.68)

ai = 2−uk, u ∈ [0, 1], uniform at random (1.69)

where s, r, and a are direction, mutation range, and relative step size, respectively,

and m is the number of genes in the chromosome. The mutation range is defined

in terms of the domain of the genes, and the step size is defined in terms of the

mutation precision k. Figure 1.10 illustrates the effects of mutation of real genes in

two dimensions.
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1.7.3 Advantages of Real-Coded GAs

Recent publications using GAs [24, 53, 73] have highlighted the advantages of

real representation compared to binary representation. The recurring theme being

the increased efficiency with simpler implementation. This is evident in the fact

that operations are performed with real numbers, therefore no coding or decoding

is necessary. As such, subsequent advantages are decreased computational time and

storage size. Since many modern computers have adopted floating point represen-

tation of real numbers, internal operations can directly be applied with no loss of

precision. Computational accuracy with real representation varies only with the

computer used. Another advantage of real representation is the increased freedom

with genetic operations. With higher mutation rates, real-coded GAs increase the

level of exploration of the search space without adverse effects on convergence char-

acteristics [47]. Kawabe et. al. [48] note that a drawback to binary representation is

that it occasionally leads to abrupt changes in the search. Specifically, a change in

just one bit (gene) can translate into a large change in the search region. Another
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drawback of encoding variables as binary strings is the presence of Hamming cliffs:

large Hamming distances between the codes of adjacent integers. For instance, 01111

and 10000 are integer representations of 15 and 16, respectively, and have a Ham-

ming distance of 5. For the genetic algorithm to change the representation from 15

to 16, it must alter all bits simultaneously. Such Hamming cliffs present a problem

for the algorithm, as both mutation and crossover cannot overcome them easily [54].

Recognizing the shortcomings of binary representation, real-coded genetic al-

gorithms (RCGA) are a more appropriate choice for optimization. As such, this

research explores the use of RCGA for all optimization schemes.

1.8 Outline of Dissertation

The remainder of this dissertation is organized into four chapters. A summary of

each chapter is given below.

Chapter 2 considers the use of a real-coded genetic algorithm (RCGA) in the

design of a robust `1 multivariable PI controller under the framework of multiplier

theory (essentially mixed structured singular value theory (MSSV)). Using a Popov-

Tsypkin multiplier the robust control design is formulated as an `1 optimization

problem. The solution to this problem is described using an RCGA to obtain the

optimal proportional and integral gains. This approach is illustrated in the design

of a robust PI controller for a discrete-time, linear uncertain model of an advanced

afterburning turbofan engine. The model is subject to exogenous disturbances and

well as plant uncertainty. The controller is designed to maintain good tracking

performance while exhibiting disturbance rejection properties, all in the presence

of the uncertainty. The design methodology is closely related to the robust FDI

development (discussed in the next chapter) through the use of the MSSV and `1

theories.
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Chapter 3 presents the major contribution of this dissertation. Robust `1 estima-

tion with fixed threshold logic is applied to robust fault detection and isolation. A

bank of fault detection filters are developed based on robust `1 estimation and mixed

structured singular value theory. This relatively nonconservative technique allows

uncertainty to be treated as slowly time-varying, real parametric uncertainty. Al-

though past research has applied this technique to robust estimation and robust fault

detection with effective results, the focus was specifically on fault detection without

fault isolation. Thus, robust estimators for fault detection and fault isolation are

designed. This chapter details the formulation, development and implementation of

numerical algorithms for the design of a bank of robust estimators that can be used

for FDI. A real-coded genetic algorithm is used to solve the optimization problem.

Each estimator is designed to be sensitive to the target fault (i.e., the fault to be de-

tected) while insensitive to nuisance faults (i.e., faults that are not to be detected).

These estimators are also designed to be robust against exogenous (disturbance)

signals and admissible plant uncertainties. Past research was also limited, in some

respects, to the degree of robustness as input uncertainty (i.e., uncertainty in the

input distribution matrix) was not considered. In more practical problems input

uncertainty is very common in nature. As such, this research explicitly considers

this uncertainty in addressing the robustness issues. The effectiveness of this robust

FDI technique is illustrated as it is applied to a linear, discrete-time model of a jet

engine.

Chapter 4 presents the application of the robust FDI technique to a nonlinear

benchmark system [6, 7]. Over the last two decades research in the area of fault

detection and isolation (FDI) for engineering systems has greatly increased. Al-

though significant results have been achieved, many of the methodologies have not

been widely utilized for industrial problems. Without well-defined, practical exam-

ples there remains a disconnect between the research and industrial communities.
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Hence, to aid in the transition of theory to practice, a realistic, nonlinear industrial

diesel engine benchmark was defined by Blanke et al. This chapter applies the robust

`1 FDI technique to this benchmark. The system is an electro-mechanical position

servo, used in the speed control of large diesel engines. It regulates the amount of

fuel loaded into each cylinder by controlling the position of a common control rod,

equivalent to the throttle in an automobile. Using a linear model and assuming

appropriate parametric uncertainty, a bank of robust linear estimators is developed

using mixed structured singular value (MSSV) and `1 theories. To obtain the esti-

mator parameters a real-coded genetic algorithm is used to solve the optimization

problem. These estimators are then used to perform FDI of the nonlinear system.

Chapter 5 provides the concluding remarks. It also presents recommendations

for future research.



CHAPTER 2

ROBUST `1 DESIGN OF A MULTIVARIABLE PI CONTROLLER

This chapter considers the use of a real-coded genetic algorithm (RCGA) in the

design of a robust multivariable PI controller under the framework of multiplier

theory (essentially mixed structured singular value theory (MSSV)). Using a Popov-

Tsypkin multiplier the robust control design is formulated as an `1 optimization

problem. The solution to this problem is described using an RCGA to obtain the

optimal proportional and integral gains. This approach is illustrated in the design

of a robust PI controller for a discrete-time, linear uncertain model of an advanced

afterburning turbofan engine.

2.1 Introduction

The objective of the robust control problem is to obtain a feedback controller such

that the closed-loop system satisfies a desired performance criteria in the presence

of all possible exogenous signals and subject to all possible plant perturbations in

a given set. This objective must be achieved while maintaining system stability.

Methods for analyzing the robust stability and performance of the system are, in

principle, based on assumptions made on the “structure” of the uncertainty. Perhaps

the more well-known methods for addressing unstructured uncertainty are the small

gain theory and fixed quadratic Lyapunov functions. However, these theories can be

conservative based on the assumptions made. For example, even if the uncertainty is

42
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real and parametric, the small gain theorem assumes that the uncertainty is complex

and unstructured with bounded magnitude. Likewise, fixed quadratic Lyapunov

function theory assumes that the uncertainty is arbitrarily time-varying. A less

conservative approach is one that is based on multiplier theory (essentially mixed

structure singular value theory) [16, 17, 18, 19]. Mixed structured singular value

(MSSV) theory allows real parametric uncertainty to be treated as slowly time-

varying, real parametric uncertainty.

Genetic algorithms (GAs) [24, 46] can efficiently find an optimal solution from

complex and possibly discontinuous solution spaces without problem reformulation

or evaluation of each solution candidate. Chen et al. [8] propose a genetic approach

to the design of H2/H∞ optimal PID controllers. A binary coded representation for

GA is used for optimization. However, this type of representation can have some

disadvantages. More recently, publications on GAs [24, 53, 73] have highlighted the

advantages of real representation over binary representation. The recurring theme

being the increased efficiency with simpler implementation. This is evident in the

fact that the operations are performed with real numbers, and hence no coding or

decoding is necessary. As such, subsequent advantages are decreased computational

time and storage size. Since many new age computers have adopted floating point

representation of real numbers, internal operations can directly be applied with no

loss of precision. Computational accuracy with real representation varies only with

the computer used. Another advantage of real representation is the increased free-

dom with genetic operations. With higher mutation rates, real-coded GA increase

the level of exploration of the search space without adverse effects to convergence

characteristics [47]. Kawabe et al. [48] note that a drawback to binary representation

is that it occasionally leads to abrupt changes in the search. Specifically, a change

in just one bit (or gene) can translate into a large change in the search region. Rec-
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ognizing the shortcomings of binary representation, real-coded genetic algorithms

(RCGAs) are becoming a more popular choice for optimization.

Previous publications [32, 48, 52, 68] and the references therein have focused

on the design of multivariable, PI and PID controllers. Foelker et al. [32] design a

discrete PI controller for digital flight control tracking of a combat aircraft. Favorable

results were obtained with simulated failures in flight operation; however, the design

does not explicitly account for uncertainties or disturbances. In [48], an RCGA

is used in the optimization a robust PID controller with two degrees of freedom.

The design method is based on modified linear matrix inequalities and utilizes the

integral squared error (ISE) as a cost function. Mattei [52] considers a class of linear

parameter varying MIMO systems and proposes state-space parameterizations to

convert PI and PID controller synthesis into an LMI optimization problem. The

technique guarantees uniform exponential stability of the closed-loop system with

a bound on the H∞ norm. A state-space predictive PID design is proposed in [68]

which is mathematically equivalent to generalized predictive control (GPC). Here,

a new control strategy is introduced that involves an online tuning of individual

PID controllers such that they collectively function as a multivariable predictive

controller.

The organization of this chapter is as follows. Section 2.2 presents the formulation

of the robust control design as an `1 optimization problem. Section 2.3 describes the

solution to the optimization problem using RCGA. Section 2.4 illustrates the design

technique for a linear model of a jet engine. Section 2.5 gives concluding remarks.
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2.2 Robust PI Controller Design

Consider the linear, uncertain discrete system described by

x(k + 1) = (A + ∆A)x(k) + (B + ∆B)u(k) + D∞,1w∞(k), k ∈ Z+

(2.1)

y(k) = (C + ∆C)x(k) + Du(k) + D∞,2w∞(k), (2.2)

where x ∈ Rn is the state vector, u ∈ Rd is the control input, y ∈ Rp denotes

the plant measurements, w∞ ∈ Rd∞ denotes an `∞ disturbance signal satisfying

‖w∞(·)‖∞,2 ≤ 1. The uncertainties ∆A, ∆B and ∆C satisfy

∆A ∈ UA , {∆A ∈ Rn×n : ∆A = −HAFAGA, FA ∈ FA}, (2.3)

∆B ∈ UB , {∆B ∈ Rn×d : ∆B = −HBFBGB, FB ∈ FB}, (2.4)

∆C ∈ UC , {∆C ∈ Rp×n : ∆C = −HCFCGC , FC ∈ FC}, (2.5)

where

FA , {FA ∈ Dr : MA,1 ≤ FA ≤ MA,2}, (2.6)

FB , {FB ∈ Ds : MB,1 ≤ FB ≤ MB,2}, (2.7)

FC , {FC ∈ Dt : MC,1 ≤ FC ≤ MC,2}, (2.8)

with MA,1, MA,2 ∈ Dr, MB,1, MB,2 ∈ Ds, MC,1, MC,2 ∈ Dt, MA,2 − MA,1 ≥ 0,

MB,2 −MB,1 ≥ 0, and MC,2 −MC,1 ≥ 0.

The dynamic system in (2.1) and (2.2) is controlled by a PI controller shown in

Figure 1.3 which generates the control signal

u(k) = KP e(k) + KIeI(k), (2.9)

where e(k) = r(k)− y(k) is the tracking error between the reference input r(k) and

the plant output y(k), eI(k) is the discrete integral of the error, and KP and KI are
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the p × p proportional and integral gain matrices, respectively. Substituting (2.9)

into (2.1)-(2.2), then gives

x(k + 1) = (A + ∆A)x(k) + (B + ∆B)[KP e(k) + KIeI(k)] + D∞,1w∞(k),

(2.10)

y(k) = (C + ∆C)x(k) + D[KP e(k) + KIeI(k)] + D∞,2w∞(k). (2.11)

The difference equation representing the integral of the error signal is

eI(k + 1) = eI(k) + Tse(k), (2.12)

where Ts is the sampling period. The error difference equation is

e(k + 1) = r(k + 1)− y(k + 1). (2.13)

It is assumed that the reference input r(·) is slowly varying, that is r(k + 1) ∼= r(k).

Thus, (2.13) can be written as

e(k + 1) = r(k)− y(k + 1)

= r(k)− (C + ∆C)x(k + 1)−D[KP e(k + 1) + KIeI(k + 1)]−D∞,2w∞(k).

(2.14)

Defining L = (I + DKP )−1, (2.14) can be rewritten as

e(k + 1) = Lr(k)− L(C + ∆C)x(k + 1)− LDKIeI(k + 1)− LD∞,2w∞(k).

(2.15)

Now, substituting (2.10) and (2.12) into (2.15) yields

e(k + 1) = Lr(k)− L(C + ∆C)(A + ∆A)x(k)− L(C + ∆C)(B + ∆B)KP e(k)

− L(C + ∆C)(B + ∆B)KIeI(k)− L(C + ∆C)D∞,1w∞(k)

− LDKIeI(k)− LDKITse(k)− LD∞,2w∞(k). (2.16)
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Note that the terms L∆C∆Ax(k), L∆C∆BKP e(k) and L∆C∆BKIeI(k) appear

with multiplicative uncertainties. The effects of these terms are assumed to be in-

significant with respect to the other uncertain terms and are therefore neglected. It

should also be noted that the uncertain term L∆CD∞,1w∞(k) also appears. This

can be modelled as a disturbance signal as follows.

Define L∆CD∞,1w∞(k) = D∆w∞(k). From (2.5),

D∆ = −H∆FCG∆, (2.17)

where

H∆ = LHC , G∆ = GCD∞,1. (2.18)

Now, D∆w∞(k) can be written in the modified form

D∆w∞(k) = ∆Φq(k), (2.19)

where

∆Φ ,
[

h∆,1g
T
∆,1 . . . h∆,tg

T
∆,t

]
, q(k) ,




δ1w∞(k)
...

δtw∞(k)


 . (2.20)

Note that h∆,i and gT
∆,i are the ith column and row of H∆ and G∆, respectively, and

δi is the ith diagonal element of FC .

Combining (2.10)-(2.14) and defining the performance output z(k) , Epe(k), the

closed-loop tracking system is given as

x̃(k + 1) = (Ã + ∆Ã)x̃(k) + B1r(k) + Dw,1w∞(k) + ∆Φq(k),

(2.21)

z(k) = C̃x̃(k), (2.22)
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where

Ã =




A BKp BKi

−LCA −L(CBKp + DKITs) −L(D + CB)Ki

0 TsIn In


 ,

(2.23)

x̃(k) =




x(k)

e(k)

eI(k)


 , B1 =




0

T

0


 , (2.24)

Dw,1 =




D∞,1

−L(CD∞,1 + D∞,2)

0


 , C̃ =

[
0 Ep 0

]
. (2.25)

Furthermore, ∆Ã satisfies

∆Ã ∈ UÃ , {∆Ã ∈ R3n×3n : ∆Ã = −H̃F̃ G̃, F̃ ∈ F̃}, (2.26)

where

F̃ , {F̃ ∈ Dr+s+t : M̃1 ≤ F̃ ≤ M̃2}, (2.27)

and

F̃ =




FA 0 0

0 FB 0

0 0 FC


 , H̃ =




−HA −HB 0

LCHA LCHB LHC

0 0 0


 , (2.28)

G̃ =




GA 0 0

0 GBKP GBKI

GCA GCBKP GCBKI


 , (2.29)

with

M̃1 = diag(MA,1,MB,1,MC,1), M̃2 = diag(MA,2,MB,2,MC,2).

(2.30)
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Notice that all of the uncertainty now appears in the ∆Ã matrix.

Now, defining w̃ , [rT wT
∞ qT ]T , (2.21) can be rewritten as

x̃(k + 1) = (Ã + ∆Ã)x̃(k) + D̃1w̃(k), (2.31)

z(k) = C̃x̃(k), (2.32)

where

D̃1 =
[

B1 Dw,1 ∆Φ
]
. (2.33)

The robust control problem is to find the controller gains KP and KI such

that the closed-loop system in (2.31)-(2.32) is asymptotically stable and the cost

functional

J(KP , KI) = ‖Hzw̃‖2
1, (2.34)

is minimized, where Hzw̃ is the convolution operator from the disturbance w̃(·) to

the `∞ performance variable z(·).
As shown in [4], direct minimization of the `1 norm can lead to irrational com-

pensators. However, Haddad et al. [43] shows it is possible to characterize an upper

bound J (KP , KI) on the `1 performance such that

J(KP , KI) ≤ J (KP , KI). (2.35)

Let G(z) ∈ Cq×d∞ be the transfer function representation of the system described

in (2.31) and (2.32). The Popov-Tsypkin multiplier [19, 44] has the transfer function

form,

M(z) = H + N
z − 1

z
, (2.36)

where H ∈ Dm, N ∈ Dm with H > 0 and N ≥ 0, the augmented system M(z)G(z)

can be written as

xa(k + 1) =(Aa + ∆Aa)xa(k) + Da,∞w̃(k), (2.37)

z(k) =Eaxa(k), (2.38)
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where xa(k) = [xT
m(k) xT (k)]T , xm(k) ∈ Rm denotes the states of the multiplier,

Aa =


 0 0

H̃ Ã


 , Da,∞ =


 0

D̃1


 , Ea =

[
0 C̃

]
, (2.39)

and

∆Aa ∈ Ua , {∆Aa ∈ Rm+3n : ∆Aa = −HaF̃Ga, F̃ ∈ F̃}, (2.40)

with

Ha =


 0

H̃


 , Ga =

[
0 G̃

]
. (2.41)

Following [43], the `1 performance is then bounded as

‖Hzw̃‖2
1 ≤ J = [tr(EaQaE

T
a )q]

1
q , ∆Aa ∈ Ua, (2.42)

where Qa satisfies the algebraic Riccati equation

Qa = α(Aa −HaM̃1Ga)Qa(Aa −HaM̃1Ga)
T + [

√
α(Aa −HaM̃1Ga)QaE

T
a

−√αHa(H + N) + SaN ][2H(M̃2 − M̃1)
−1 −GaQaG

T
a ]−1 ·

[
√

α(Aa −HaM̃1Ga)QaE
T
a −

√
αHa(H + N) + SaN ]T +

α

α− 1
Va,∞,

(2.43)

where Va,∞ , Da,∞DT
a,∞ and Sa ,


 I

0


, with dim(Sa) = dim(Ha). Thus, for the

robust optimization problem the `1 cost function is given as

J(KP , KI , H, N) = [tr(EaQaE
T
a )q]

1
q . (2.44)

With an enforced stability constraint, this optimization problem can be solved using

a real-coded genetic algorithm, as discussed below.
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2.3 Optimization Using a Real-Coded Genetic Algorithm

For the PI controller optimization problem the chromosome is constructed by

formulating matrices KP , KI , H and N into a single vector Θ such that

Θ =
[

V ec(KP )T V ec(KI)
T V ec(H)T V ec(N)T

]T

, (2.45)

The search region is then defined by establishing upper and lower limits Θ and Θ

such that

θij ≤ θij ≤ θij. (2.46)

To account for the stability criteria, the RCGA is formulated as a constrained

optimization problem. This is achieved by imposing a constraint on the cost with a

penalty function. Specifically, if stability criterion is not satisfied a penalty is added

to the cost such that

if





max[λi(Aa)] < 1, J = J

otherwise, J = J + penalty

, (2.47)

where λi, i ∈ (1, 2, . . . , m + 3n) are the eigenvalues of the augmented system Aa.

The penalty is chosen as 100 to obtain the results described below.

2.4 Illustrative Example: Robust PI Design for a Jet Engine

A numerical example is presented in this section to illustrate robust PI controller

design using the Popov-Tsypkin multiplier and `1 theory. The model used was sup-

plied by NASA Glenn Research Center and is given as

x(k + 1) = (A + ∆A)x(k) + (B + ∆B)u(k) + D∞,1w(k), k ≥ 0

(2.48)

y(k) = (C + ∆C)x(k) + Du(k) + D∞,2w(k) (2.49)
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where the sampling period Ts = 0.01 sec. The elements of the state vector x ∈ R3,

are

x1 , High Pressure Spool Speed (rpm)

x2 , Low Pressure Spool Speed (rpm)

x3 , High Pressure Compressor Inlet Temperature (◦C).

The elements of the control input vector u ∈ R3, are

u1 , Main Burner Fuel Flow (kg/hr)

u2 , Exhaust Nozzle Throat Area (m2)

u3 , Bypass Duct Area (m2).

The elements of the output vector y ∈ R3, are

y1 , Corrected High Pressure Spool Speed (rpm)

y2 , Corrected Low Pressure Spool Speed (rpm)

y3 , Corrected High Pressure Compressor Inlet Temperature (◦C).

The variable w denotes a vector of disturbance signals.

The uncertainty matrix, ∆A, ∆B and ∆C are representative of some engine

degradation over time. Thus, it is assumed that a newly constructed engine can

be modelled with the nominal matrices A, B and C and with use, the parameters

of the degraded engine are encompassed in the uncertainty. The system parameter
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matrices for the system (2.48)-(2.49)

A =




0.9835 0.0110 0.0039

3.788e− 4 0.9858 0.0026

4.230e− 6 −2.282e− 4 0.9891


 , (2.50)

B =




0.0080 0.2397 −0.0383

0.0068 0.1565 0.0248

2.691e− 4 −2.912e− 4 2.558e− 4


 , (2.51)

C =




0.2383 0.4871 0.1390

−1.074e− 5 −8.399e− 4 3.784e− 4

2.070e− 5 −4.132e− 5 −4.335e− 6


 , D∞,1 = diag{0.1, 0.1, 0.01},

(2.52)

D =




0.4171 −4.492 0.4875

7.968e− 4 −0.0050 2.861e− 4

−1.270e− 5 4.837e− 4 −0.0021


 , D∞,2 = 0.1× I3×3. (2.53)

The uncertainty matrix ∆A = −HAFAGA, ∆B = −HBFBGB, and ∆C =

−HCFCGC where

HA = −




1 0 0

0 1 0

0 0 1


 , FA = diag{δA1 , δA2 , δA3}, GA =




1 0 0

0 1 0

0 0 1


 ,

(2.54)

HB = −




1 1 1

0 0 0

0 0 0


 , FA = diag{δB1 , δB2 , δB3}, GB =




1 0 0

0 1 0

0 0 1


 ,

(2.55)

HC = −




1 1 1

0 0 0

0 0 0


 , FC = diag{δC1 , δC2 , δC3}, GC =




1 0 0

0 1 0

0 0 1




(2.56)
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Figure 2.1: Value of Cost Function J During Initial RCGA Optimization.

with

−0.0217 ≤ δA1 ≤ 0.0217, −0.0217 ≤ δA2 ≤ 0.0217, −0.0218 ≤ δA3 ≤ 0.0218,

(2.57)

−0.0008 ≤ δB1 ≤ 0.0008, −0.0240 ≤ δB2 ≤ 0.0240, −0.0038 ≤ δB3 ≤ 0.0038,

(2.58)

−0.0238 ≤ δC1 ≤ 0.0238, −0.0487 ≤ δC2 ≤ 0.0487, −0.0139 ≤ δC3 ≤ 0.0139.

(2.59)

Note that the uncertain parameters δA1 . . . δA3 correspond to parameter fluctuations

in the diagonal elements of matrix A, while δB1 . . . δB3 and δC1 . . . δC3 correspond to

fluctuations in the first rows of B and C, respectively.

Using the cost function (2.44) and stability constraints the controller matrices are

obtained. The initial search region is defined by setting upper and lower bounds of

KP and KI at ±500 and ±200, respectively. The algorithm is run for 400 generations

to obtain an initial string Θ0. As seen in Figure 2.1 the value of the cost function

achieved was J = 1.6889e − 6. After the initial run the search region is refined to

a region centered about the initial string. Specifically, the upper and lower bounds
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Figure 2.2: Value of Cost Function J During Final RCGA Optimization.

are defined as

θij = θ0ij
+ κ|θ0ij

|, (2.60)

θij = θ0ij
− κ|θ0ij

|, κ 6= 1. (2.61)

Setting κ = 2, the optimal matrices obtained are

KP =




−1758.2 18.502 −0.07567

−4.4632 1.1849 −1050.7

6.0986 33.890 1.6161


 , (2.62)

KI =




−116.99 −0.00099 0.21174

−20.536 −362.15 0.07116

−0.63296 −0.17123 −71.656


 . (2.63)

The performance of the RCGA in terms of the cost function can be seen in Figure

2.2. It is observed that the algorithm converges to the optimal solution within

approximately 400 generations. The algorithm completed the 500 generations with

a final cost of J = 1.9835e − 9 and the computation time was approximately 15

minutes and 32 seconds on a 1 GHz pentium 3 processor.
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Figure 2.3: Frequency Response of Open Loop System Without PI Control

Let DCi,j i, j ∈ (1, 2, 3) represent the DC gain from input i to output j. It is

the aim of the multivariable PI controller to make DCi,i
∼= 1 while simultaneously

reducing the influence of DCi,j for i 6= j. It should be noted that the steady-state

errors approach but do not reach a zero value. This is due to the nature of the

multivariable system where each output channel is to some degree affected by each

input. Figure 2.3 shows the frequency response of the open loop system without PI

control. Figure 2.4 shows the frequency response of the closed-loop system with

the PI controller implemented. It can be seen the each gain DCi,i is approximately

equal to 1 while the influences of DCi,j have been reduced in each output channel.

A final value test of the discrete-time system gives gain values of DC1,1 = 0.997,

DC2,2 = 0.999 and DC3,3 = 0.997, which all give steady-state errors of less the 1%.

It can be seen in Figure 2.4 that, as desired, the magnitude frequency response has

these values over a wide frequency range.

In order to examine the performance of the robust controller, the step re-

sponse of the closed-loop system is observed. The reference input vector r =
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Figure 2.4: Frequency Response of Closed-Loop System With PI Controller

[3000kg/hr 250m2 140m2]T and random white noise signals with zero mean are added

as the disturbance inputs. The variances of the disturbance inputs, w1, w2 and w3,

were 0.09, 0.02 and 0.05, respectively. In order to show the extent of robustness,

uncertainty for all system matrices was considered in Figure 2.5. Random parame-

ter variations were used for system uncertainty. The parameter values are listed in

Table 2.1 below. It is observed that the closed-loop system exhibited good tracking

performance and disturbance rejection.1 Thus, the robustness of the PI controller is

shown within the prescribed region of uncertainty.

2.5 Conclusions

This chapter considered the use of a real-coded genetic algorithm (RCGA) in the

design of a robust PI controller under the framework of mixed structured singular

value theory (MSSV). Using a Popov-Tsypkin multiplier the robust control design is

formulated as an `1 optimization problem. This problem is solved using an RCGA

1Simulations with other random parameter variations were also conducted with very similar results.
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Figure 2.5: Step Response Closed-Loop System With Random Uncertainty

to obtain the optimal proportional and integral gains. Using a linear model of a jet

engine this approach is used to design a robust PI controller. The controller is shown

to exhibit good tracking performance and disturbance rejection in the presence of

model uncertainty.
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Parameter Value

δA1 0.0101

δA2 0.0071

δA3 -0.0026

δB1 -0.0001

δB2 0.0126

δB3 -0.0030

δC1 0.0125

δC2 0.0381

δC3 -0.0012

Table 2.1: Uncertain Parameter Values



CHAPTER 3

ROBUST FDI USING ROBUST `1 ESTIMATION

This chapter considers the application of robust `1 estimation to fault robust

fault detection and isolation. This is accomplished by developing a series, or bank,

of robust estimators (full-order observers), each of which is designed such that the

residual will be sensitive to a certain fault (or faults) while insensitive to the re-

maining faults. Robustness is incorporated by assuring that the residual remains

insensitive to exogenous disturbances as well as modelling uncertainty. Mixed struc-

tured singular value and `1 theories are used to develop the appropriate threshold

logic to evaluate the outputs of the estimators used for determining the occurrence

and location of a fault. A real-coded genetic algorithm is used to obtain the optimal

estimator gain matrices. The effectiveness of this robust FDI technique is illustrated

as it is applied to the jet engine model used in the previous chapter.

3.1 Introduction

In modern systems such as aircraft and spacecraft, there is an increasing de-

mand for reliability and safety. For example, a jet engine is very critical for an

aircraft and if faults occur, the consequences can be extremely serious [9]. Many dy-

namic systems are complex technical systems that involve extensive use of multiple

sensors, actuators and other system components, any one of which could fail or de-

teriorate. Hence, health monitoring and supervision of these systems is essential for

60
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the improvement of reliability, safety and dependability of operations. This entails

continuously checking a physical system for faults and taking appropriate actions to

maintain the operation in such situations. In particular, the objective is to detect

and isolate failures or anomalies in the sensors, actuators and components.

One of the primary approaches to model-based, fault detection and isolation uses

state or output estimators [1, 34, 35, 37, 38, 59, 60]. Detection of a fault is achieved by

comparing the actual behavior of the plant to that expected on the basis of the model;

deviations are indications of a fault (or disturbances, noise or modelling errors) [39].

Fault isolation can be achieved by dedicating an estimator such that the residual is

sensitive to only one particular fault. In particular, referring to Figure 1.5, a bank

of estimators is used to generate residuals r(t). These residuals are then analyzed by

some appropriate logic (e.g., logic based on thresholds or fuzzy logic) which infers

whether faults have occurred (fault detection) and where they have occurred (fault

isolation).

In many approaches to the FDI problem the robustness aspect is commonly in-

troduced in relation to the fault detection [56]. The estimators shown in Figure 1.5

may be designed in a variety of ways, for example by using Kalman filter theory (i.e.,

H2 optimal estimation) [18, 71, 72], H∞ theory [17, 29, 62], or `1 theory [2, 19, 30].

Whichever method is used for designing the estimator, it will use an idealized math-

ematical description of the underlying plant. In practice this model of the plant is

never totally accurate, which can degrade the quality of the residuals produced by

the estimators. The errors in the plant model may be either parametric or unstruc-

tured (e.g., unmodeled dynamics). To reduce the degradation in the quality of the

residuals upon which the FDI process is based, and hence to reduce the false alarm

rate, it is imperative that the plant uncertainty be explicitly taken into account in

the design of the estimators.
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Until recent work [17, 18, 19, 21], the relatively nonconservative mixed structured

singular value techniques [15, 31, 41, 42] had not been applied to robust estimation,

although more conservative techniques, based on the small gain theorem or fixed

quadratic Lyapunov functions, had been used [29, 62, 67, 74, 75]. Conservatism

in robustness theory involves how the theory actually models the uncertainty. For

example, even if the uncertainty is real and parametric, the small gain theorem

assumes that the uncertainty is complex and unstructured. Likewise, fixed quadratic

Lyapunov function theory assumes that the uncertainty is arbitrarily time-varying.

Mixed structured singular value theory allows real parametric uncertainty to be

treated as slowly time-varying, real parametric uncertainty, which is a much less

conservative model. The reduced conservatism of mixed structured singular value

theory allows the estimators to be used for more accurate fault detection. Specifically,

the fixed thresholds are smaller, allowing the detection of smaller faults. With more

conservative theories the thresholds are larger, causing some smaller faults to go

undetected. Although the example in this paper focuses exclusively on sensor faults

the theory is developed to include actuator faults as well.

The organization of this chapter is as follows. Section 3.2 presents the design of

a robust estimator using `1 theory. The application of robust `1 estimation to robust

fault detection and isolation is presented in Section 3.3. Section 3.4 outlines the use

of an RCGA in solving the optimization problem. Section 3.5 discusses results of an

illustrative example of a jet engine, while Section 3.6 gives concluding remarks.
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3.2 Robust `1 Estimation

Consider a discrete-time, linear uncertain dynamic system

x(k + 1) = (A + ∆A)x(k) + Bu(k) + D∞,1w∞(k), k ∈ Z+ (3.1)

y(k) = (C + ∆C)x(k) + Du(k) + D∞,2w∞(k), (3.2)

z(k) = E∞x(k), (3.3)

where x ∈ Rn is the state vector, u ∈ Rd is the control input, y ∈ Rp denotes the

plant measurements, z ∈ Rq is the performance output to be estimated, and w∞ ∈
Rd∞ denotes an `∞ disturbance signal satisfying ‖w∞(·)‖∞,2 ≤ 1. The uncertainties

∆A, ∆B and ∆C satisfy

∆A ∈ UA , {∆A ∈ Rn×n : ∆A = −HAFAGA, FA ∈ FA}, (3.4)

∆C ∈ UC , {∆C ∈ Rp×n : ∆C = −HCFCGC , FC ∈ FC}, (3.5)

where

FA , {FA ∈ Dr : MA,1 ≤ FA ≤ MA,2}, (3.6)

FC , {FC ∈ Dt : MC,1 ≤ FC ≤ MC,2}, (3.7)

with MA,1, MA,2 ∈ Dr, MC,1, MC,2 ∈ Dt, MA,2 −MA,1 ≥ 0, and MC,2 −MC,1 ≥ 0.

It is desired to design a full-order observer of the form

xe(k + 1|k) =Aexe(k|k − 1) + (B −WD)u(k) + W [y(k)− Cxe(k|k − 1)]

(3.8)

to estimate the state vector x, where W ∈ Rn×p and Ae ∈ Rn×n are the parameters

to be determined.

The state estimation error is defined as

e(k) , x(k)− xe(k|k − 1), (3.9)
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which using (3.1), (3.2), and (3.8) can be shown to obey the evolution equation

e(k + 1) = (Ae −WC)e(k) + (A− Ae + ∆A−W∆C) + (D∞,1 −WD∞,2)w∞(k).

(3.10)

Now define the error output z̃ ∈ Rqp as z̃(k) , E∞e(k). Then augmenting (3.1) with

(3.10) yields

x̃(k + 1) = Ãx̃(k) + D̃1w∞(k), (3.11)

z̃(k) = Ẽx̃(k), (3.12)

where

x̃(k) =


 x(k)

e(k)


 , Ã =


 A 0

A− Ae Ae −WC


 ,

D̃1 =


 D∞,1

D∞,1 −WD∞,2


 , Ẽ =

[
0 E

]
. (3.13)

Furthermore, ∆Ã satisfies

∆Ã ∈ ŨA , {∆Ã ∈ R2n×2n : ∆Ã = −H̃AF̃AG̃A, F̃A ∈ F̃a}, (3.14)

FÃ , {FÃ ∈ Dr+t : M1 ≤ FÃ ≤ M2}, (3.15)

where

F̃A =


 FA 0

0 FC


 , H̃A =


 HA 0

HA WHC


 , G̃A =


 GA 0

GC 0


 ,

(3.16)

and

M1 = diag(MA,1,MC,1), M2 = diag(MA,2, MC,2). (3.17)

The robust `1 estimation problem is to find the estimator parameters Ae and

W such that the combined system (3.8), (3.11)-(3.12) is asymptotically stable and
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the cost functional

J (W ) = ‖Hzw‖2
1, (3.18)

is minimized, where Hzw is the convolution operator from the disturbance w(·) to

the `∞ performance variable z̃(·).
As shown in [4], direct minimization of the `1 norm can lead to irrational esti-

mators. However, Haddad et. al. [43] shows it is possible to characterize an upper

bound on the `1 performance. For some uncertainty set U ⊂ Rn×n, ∆A ∈ U , x ∈ Rn,

z ∈ Rq w∞(·) ∈ Rd∞ , the `1 performance bound as a function of ∆Ã is given in the

following proposition

Proposition 1 Let α > 1 and assume there exists a positive-definite matrix Q∆A

satisfying

Q∆Ã = α(Ã + ∆Ã)Q∆Ã(Ã + ∆Ã)T +
α

α− 1
V∞, (3.19)

where V∞ , D̃1D̃
T
1 . Then Ã+∆Ã is asymptotically stable. Furthermore, the `1 norm

of the convolution operator Hzw from disturbances w(·) to the performance variable

z̃(·) satisfies the bound

‖Hzw‖2
1 ≤ sup

∆Ã∈U
[tr(ẼQ∆ÃẼT )q]

1
q , ∆Ã ∈ U . (3.20)

If, in addition, α is chosen such that
√

α(Ã + ∆Ã) is asymptotically stable, then the

existence of a positive-definite solution Q∆Ã is guaranteed.

Proof. Follows from Lemma in [19].

In order to obtain an upper bound on the `1 performance ‖Hzw‖2
1 over the entire

uncertainty set U , a multiplier framework will be used to bound Q∆Ã for all ∆A ∈ U
where

U , {∆Ã ∈ R2n×2n : ∆Ã = −H0FG0, F ∈ F}. (3.21)
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Let G(z) ∈ Cq×d∞ be the transfer function representation of the system described

in (3.11) and (3.12). The Popov-Tsypkin multiplier [17, 18, 19, 42] has the transfer

function form

M(z) = H + N
z − 1

z
, (3.22)

where H ∈ Dm, N ∈ Dm with H > 0 and N ≥ 0. Let Aa denote the state matrix of

the augmented system M(z)G(z). Then, the uncertain system for robust analysis is

given by [44]

xa(k + 1) =(Aa + ∆Aa)xa(k) + Da,∞w∞(k), (3.23)

z(k) =Eaxa(k), (3.24)

where xa(k) = [xT
m(k)xT (k)]T , xm(k) ∈ Rm denotes the states of the multiplier,

Aa =


 0 0

H0 Ã


 , Da,∞ =


 0

D∞


 , Ea =

[
0 E

]
, (3.25)

and

∆Aa ∈ Ua , {∆Aa ∈ Rm+n : ∆Aa = −HaFGa, F ∈ F}, (3.26)

where

Ha =


 0

H0


 , Ga =

[
0 G0

]
. (3.27)

Note that the uncertainty set U in (3.21) is a subset of Ua. The next theorem

provides an upper bound for the `1 performance for all ∆Aa ∈ Ua.

Theorem 1 Let α > 1, q ≥ 1. Suppose there exists H ∈ Pn, N ∈ N n and Qa ≥ 0

such that 2H(M2 − M1)
−1 − GaQaG

T
a > 0, and Qa satisfies the algebraic Riccati
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equation

Qa = α(Aa −HaM1Ga)Qa(Aa −HaM1Ga)
T + [

√
α(Aa −HaM1Ga)QaE

T
a

−√αHa(H + N) + SaN ][2H(M2 −M1)
−1 −GaQaG

T
a ]−1 ·

[
√

α(Aa −HaM1Ga)QaE
T
a −

√
αHa(H + N) + SaN ]T +

α

α− 1
Va,∞,

(3.28)

where Va,∞ , Da,∞DT
a,∞ and Sa ,


 I

0


, where dim(Sa) = dim(Ha).

Then,

{(Aa + ∆Aa), [
α

α− 1
Va,∞]

1
2} is stabilizable, ∆A ∈ U , (3.29)

if and only if (Aa + ∆Aa) is asymptotically stable for each ∆Aa ∈ Ua and in this

case, the `1 performance ‖Hzw‖2
1 is bounded as

‖Hzw‖2
1 ≤ [tr(EaQaE

T
a )q]

1
q , ∆Aa ∈ Ua. (3.30)

Proof. The proof can be completed in the same manner as proof to results in [41].

3.3 Robust FDI Using Robust `1 Estimation

Now consider the fault driven system

x(k + 1) = (A + ∆A)x(k) + Bu(k) + D∞,1w∞(k) + Rafa(k),

(3.31)

y(k) = (C + ∆C)x(k) + Du(k) + D∞,2w∞(k) + Rsfs(k),

(3.32)

z(k) = E∞x(k), (3.33)

where fa ∈ Rra and fs ∈ Rrs are the actuator and sensor fault vectors, respectively.

The fault distribution matrices Ra and Rs are assumed to be known. Defining
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f , [fT
a fT

s ]T yields the modified system

x(k + 1) = (A + ∆A)x(k) + Bu(k) + D∞,1w∞(k) + R1f(k), (3.34)

y(k) = (C + ∆C)x(k) + D∞,2w∞(k) + R2f(k), (3.35)

z(k) = E∞x(k), (3.36)

where

R1 =
[

Ra 0
]
, R2 =

[
0 Rs

]
. (3.37)

Equations (3.34)-(3.35) can be written in the expanded forms

x(k + 1) = (A + ∆A)x(k) + Bu(k) + D∞,1w∞(k) + R1,1f1(k) + . . . + R1,gfg(k),

(3.38)

y(k) = (C + ∆C)x(k) + Du(k) + D∞,2w∞(k) + R2,1f1(k) + . . . + R2,gfg(k),

(3.39)

where R1,i (respectively, R2,i) denotes the ith column of the matrix R1 (respectively,

R2). Let g , ra +rs. For i ∈ {1, 2, . . . , g} the term fi(k) represents the ith individual

fault of f(k) and R1,i (respectively, R2,i) represents its directional characteristics.

Assume that fi(k) is the “target fault,” i.e., the fault that it is desired to detect.

Without loss of generality, the vector of “nuisance faults”, representing the faults

that are not to be detected (by the robust fault detection filter), is given by f̄i ,
[f1(k) · · · fi−1(k) fi+1(k) · · · fg(k)]T . Hence, (3.38)-(3.39) can be replaced by

x(k + 1) = (A + ∆A)x(k) + Bu(k) + D∞,1w∞(k) + R1,ifi(k) + R̄1,if̄i(k),

(3.40)

y(k) = (C + ∆C)x(k) + Du(k) + D∞,2w∞(k) + R2,ifi(k) + R̄2,if̄i(k).

(3.41)
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Define w̃ , [wT
∞ f̄T

i ]T . Then, (3.40) and (3.41) can be written as a set of systems

Σi





x(k + 1) = (A + ∆A)x(k) + Bu(k) + D1w̃(k) + R1,ifi(k),

y(k) = Cx(k) + Du(k) + D2w̃(k) + R2,ifi(k),

z(k) = E∞x(k)

(3.42)

where

D1 =
[

D∞,1 R̄1,i

]
, D2 =

[
D∞,2 R̄2,i

]
. (3.43)

It is desired to design a bank of full-order observers (corresponding to each faulty

system) described in (3.8) to estimate the performance output E∞x(k). As previously

stated, Ae ∈ Rn×n and W ∈ Rn×p are the parameters to be determined. (Typically,

one chooses E∞ = C such that z corresponds to the noise and fault free output

associated with the measurement y.) Detection of a fault is achieved by comparing

the actual behavior of the plant to the output of the estimators; deviations are

indications of a fault (or disturbances, noise or modelling errors).

Let the residual error be defined as

r(k) , P [y(k)− Cxe(k|k − 1)−Du(k)], (3.44)

where the g × p gain matrix P [20] is chosen such that r has a fixed direction

when responding to the target fault. Fault isolation can be achieved by designing

an estimator such that estimation error (i.e. the residual) is sensitive to only one

particular fault. Specifically, each is designed to be sensitive to a particular fault and

insensitive to the remaining faults. In addition, these estimators are made robust

against exogenous disturbances and modelling uncertainties. Referring to Figure 1.5,

the bank of estimators is used to generate residuals r(k). These residuals are then

analyzed by some appropriate logic (e.g., logic based on thresholds) which infers

whether faults have occurred (fault detection) and where they have occurred (fault

isolation).
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Using (3.42), the state estimation error in (3.9) can be shown to obey the evolution

equation

e(k + 1) =(Ae −WC)e(k) + (A + ∆A−W∆C − Ae)x(k)

+ (D1 −WD2)w∞(k) + (R1,i −WR2,i)fi(k). (3.45)

Augmenting (3.42) with (3.45) yields

x̃(k + 1) = (Ã + ∆Ã)x̃(k) + D̃1w̃(k) + R̃1fi(k), (3.46)

z̃(k) = Ẽx̃(k), (3.47)

where

x̃(k) =


 x(k)

e(k)


 , Ã =


 A 0

A− Ae Ae −WC


 ,

D̃1 =


 D1

D1 −WD2


 , R̃1 =


 R1,i

R1,i −WR2,i


 , Ẽ =

[
0 E∞

]
.

(3.48)

Let Jrw represent the `1 norm of the system operator from the disturbance vector

w̃ to the residual r and let Jrf represent the `1 norm of the system operator from

the target fault fi to the residual r. Following previous derivations, it is possible to

characterize upper bounds Jrw and Jrf such that

Jrw = ‖Hrw̃‖2
1 ≤ Jrw, (3.49)

Jrf = ‖Hrf‖2
1 ≤ Jrf . (3.50)

Using multiplier theory, the uncertain system is given by

xa(k + 1) =(Aa + ∆Aa)xa(k) + Da,ww̃(k) + Da,ffi(k), (3.51)

z̃(k) =Eaxa(k), (3.52)
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where xa(k) = [xT
m(k) x̃T (k)]T and xm(k) ∈ Rm is as previously described. The `1

performance functions then have the bounds,

Jrw(Ae,W, P, H,N) = [tr(EaQa,wET
a )q]

1
q , (3.53)

Jrf (Ae,W, P, H,N) = [tr(EaQa,fE
T
a )q]

1
q , ∆Aa ∈ Ua, (3.54)

where Qa,w and Qa,f satisfy the algebraic Riccati equations

Qa,w = α(Aa −HaM1Ga)Qa,w(Aa −HaM1Ga)
T + [

√
α(Aa −HaM1Ga)Qa,wET

a

−√αHa(H + N) + SaN ][2H(M2 −M1)
−1 −GaQa,wGT

a ]−1 ·
[
√

α(Aa −HaM1Ga)Qa,wET
a −

√
αHa(H + N) + SaN ]T +

α

α− 1
Va,w,

(3.55)

Qa,f = α(Aa −HaM1Ga)Qa,f (Aa −HaM1Ga)
T + [

√
α(Aa −HaM1Ga)Qa,fE

T
a

−√αHa(H + N) + SaN ][2H(M2 −M1)
−1 −GaQa,fG

T
a ]−1 ·

[
√

α(Aa −HaM1Ga)Qa,fE
T
a −

√
αHa(H + N) + SaN ]T +

α

α− 1
Va,f ,

(3.56)

where Va,w , Da,wDT
a,w, Va,f , Da,fD

T
a,f , and Sa ,


 I

0


, with dim(Sa) = dim(Ha).

Robust FDI filter design may be approached by choosing Ae, W and P such that

Jrw is small and Jrf is large.1 A minimization problem that expresses this objective

is

min
Ae,W,P

J = βJrw + (1− β)
1

Jrf

+ γ
Jrw

Jrf

, (3.57)

where β ∈ [0, 1] and γ > 0 are arbitrarily chosen weighting scalars. With an enforced

stability constraint, this optimization problem can be solved using a real-coded ge-

netic algorithm, as discussed in the next section.

1It would be more desirable to make a lower bound on Jrf large. Unfortunately, lower bounds are usually much

more difficult to work with computationally than upper bounds.
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Now consider the set of uncertain, discrete-time systems

x(k + 1) = (A + ∆A)x(k) + D1w∞(k) + R1,ifi(k), (3.58)

y(k) = Cx(k) + D2w∞(k) + R2,ifi(k), (3.59)

z(k) = E∞x(k), (3.60)

where x, y, w, and fi are as previously discussed. The robust fault detection

problem is to generate a set robust residual signals r(k) that satisfy

‖r(k)‖p ≤ Jth if fi(k) = 0, (3.61)

‖r(k)‖p > Jth if fi(k) 6= 0, (3.62)

where ‖ · ‖p denotes the p norm of a Lebesgue signal and Jth is the ith threshold

value. If the filters (3.8) are applied to (3.58)-(3.59) and E∞ is chosen as C, (3.44)

can be written as

r(k) = Pz(k) + PD2w̃(k) + PR2,ifi(k). (3.63)

As derived in [19], if fi(k) = 0 (3.63) satisfies the norm inequality

‖r‖2
(∞,2),[N0,N ] ≤{[tr(PEaQa,wET

a P T )q]
1
q + 2σmax(PD2)[tr(PEaQa,wET

a P T )q]
1
2q

+ σ2
max(PD2)}‖w̃‖2

(∞,2),[N0,N ], (3.64)

where Qa,w is previously defined. The threshold can be chosen as

Jth ,{[tr(PEaQa,wET
a P T )q]

1
q + 2σmax(PD2)[tr(PEaQa,wET

a P T )q]
1
2q

+ σ2
max(PD2)}‖w̃‖2

(∞,2),[N0,N ]. (3.65)

Robust fault detection can be accomplished by comparing ‖r‖(∞,2),[N0,N ] with Jth. A

fault occurs if ‖r‖(∞,2),[N0,N ] > Jth, i.e.,

‖r‖(∞,2),[N0,N ] > Jth ⇒ a fault occurred. (3.66)
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3.4 Optimization Using a Real-Coded Genetic Algorithm

As previously discussed, the design of robust FDI estimators is formulated as an

optimization problem. This problem is solved using a real-coded genetic algorithm

(RCGA).

For the robust `1 optimization problem the chromosome is constructed by formu-

lating matrices Ae, W , P , H and N into a single vector Θ such that

Θ =
[

V ec(Ae)
T V ec(W )T V ec(P )T V ec(H)T V ec(N)T

]
.

(3.67)

The search region is then defined by establishing upper and lower limits Θ and Θ

such that

θij ≤ θij ≤ θij. (3.68)

To account for the stability criteria, the RCGA is formulated as a constrained

optimization problem. This is achieved by imposing a constraint on the cost with a

penalty function. Specifically, if the stability criterion is not satisfied, a penalty is

added to the cost such that

if





max[λi(Aa)] < 1, J = J

otherwise, J = J + penalty

, (3.69)

where λi, i ∈ (1, 2, . . . , m + 2n) are the eigenvalues of the augmented system Aa.

The penalty is chosen as 100 to obtain the results described below.

3.5 Illustrative Example of FDI for a Jet Engine

A numerical example is presented in this section to illustrate robust `1 estimator

design using the Popov-Tsypkin multiplier and the application of the robust `1 esti-

mator to robust fault detection of dynamic systems. The model used was supplied
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by NASA Glenn Research Center and is given as

x(k + 1) = (A + ∆A)x(k) + Bu(k) + D∞,1w∞(k) + Rafa(k),

(3.70)

y(k) = (C + ∆C)x(k) + Du(k) + D∞,2w∞(k) + Rsfs(k) (3.71)

where the sampling period Ts = 0.01 sec. Only sensor faults are considered in this

example, thus Ra = 0. The elements of the state vector x ∈ R3, are

x1 , High Pressure Spool Speed (rpm)

x2 , Low Pressure Spool Speed (rpm)

x3 , High Pressure Compressor Inlet Temperature (◦C).

The elements of the control input vector u ∈ R3, are

u1 , Main Burner Fuel Flow (kg/hr)

u2 , Exhaust Nozzle Throat Area (m2)

u3 , Bypass Duct Area (m2).

The elements of the output vector y ∈ R3, are

y1 , Corrected High Pressure Spool Speed (rpm)

y2 , Corrected Low Pressure Spool Speed (rpm)

y3 , Corrected High Pressure Compressor Inlet Temperature (◦C).

The variable w denotes a vector of disturbance signals.

The uncertainty matrices, ∆A and ∆C, are representative of some engine degra-

dation over time. Thus, it is assumed that a newly constructed engine can be mod-

elled with the nominal matrices A and C and with use, the parameters of the de-

graded engine are encompassed in the uncertainty. The system parameter matrices
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are

A =




0.9835 0.0110 0.0039

3.788e− 4 0.9858 0.0026

4.230e− 6 −2.282e− 4 0.9891


 , D∞,1 = diag{0.1, 0.1, 0.01},

(3.72)

B =




0.0080 0.2397 −0.0383

0.0068 0.1565 0.0248

2.691e− 4 −2.912e− 4 2.558e− 4


 , Rs =




1 0 0

0 1 0

0 0 1


 ,

(3.73)

C =




0.2383 0.4871 0.1390

−1.074e− 5 −8.399e− 4 3.784e− 4

2.070e− 5 −4.132e− 5 −4.335e− 6


 , (3.74)

D =




0.4171 −4.492 0.4875

7.968e− 4 −0.0050 2.861e− 4

−1.270e− 5 4.837e− 4 −0.0021


 , D∞,2 = 0.1× I3×3.

(3.75)

The uncertainty matrices ∆A = −HAFAGA and ∆C = −HCFCGC , where

HA = −




1 0 0

0 1 0

0 0 1


 , HC = −




1 1 1

0 0 0

0 0 0


 ,

GA =
[

I3×3

]
, GC =

[
I3×3

]
,

FA = diag{δA1 , δA2 , δA3}, FC = diag{δC1 , δC2 , δC3}, (3.76)

with

−0.02167 ≤ δA1 ≤ 0.02167, −0.02174 ≤ δA2 ≤ 0.02174,

−0.02181 ≤ δA3 ≤ 0.02181, (3.77)

−0.01787 ≤ δC1 ≤ 0.01787, −0.03653 ≤ δC2 ≤ 0.03653,

−0.01043 ≤ δC3 ≤ 0.01043. (3.78)
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Note that the uncertain parameters δA1 . . . δA3 correspond to parameter fluctua-

tions in the diagonal elements of matrix A and δC1 . . . δC3 correspond to the first row

of C. By using the objective function (3.57) with stability constraints in a real-coded

genetic algorithm the respective gain and projection matrices are obtained for a bank

of estimators. The nominal (uncertainty not considered) gain matrices were

Wn,1 =




−4.3677 0.9652 2.1343

−46.331 −0.4433 2.5012

185.10 0.0755 −12.637


 , (3.79)

Pn,1 =




0.0324 −0.1080 1.7946

−0.0042 0.0218 −0.0179

0.0242 −0.0931 1.3789


 , (3.80)

Wn,2 =




8.5628 2.1809 −0.9584

−12.065 4.3910 1.2877

34.830 0.6572 −3.4886


 , (3.81)

Pn,2 =




−0.0072 0.3017 0.2845

0.0009 −0.0376 −0.1761

0.0092 −0.3725 −1.8386


 , (3.82)

Wn,3 =




11.665 2.2105 −11.263

−6.0256 −1.1449 −17.177

5.0019 0.9603 −17.767


 , (3.83)

Pn,3 =




−0.0041 0.3916 −0.9689

0.0005 −0.0207 −0.2238

−0.0025 0.3185 −1.8625


 . (3.84)
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Note for all nominal filters the system matrix Ae = A. The robust (uncertainty

explicitly considered) gain matrices obtained were

Wr,1 =




0.0445 3.0049 −0.0722

−1.1029 −0.7468 0.0282

12.8499 0.0867 −0.1242


 , (3.85)

Pr,1 =




0.0235 0.0430 −0.2387

−0.0072 0.2216 0.0108

−0.0066 −0.0337 0.0567


 , (3.86)

Ae,1 =




0.9049 0.0109 0.0040

0.0004 0.7968 0.0025

3.789e− 6 −0.0002 1.0687


 , (3.87)

Wr,2 =




−0.0218 0.5019 −0.0161

0.1665 −250.65 0.0066

6.7877 0.0019 −0.0030


 , (3.88)

Pr,2 =




−4.143e− 7 0.2373 −2.0956

−4.423e− 7 0.0012 0.0062

−2.894e− 6 −8.729e− 5 −0.0011


 , (3.89)

Ae,2 =




0.5480 0.0021 −0.0003

−1.057e− 5 0.8245 −0.0063

9.35980069e− 6 −0.0013 2.4357


 , (3.90)

Wr,3 =




9.1728 9.5942 −1.8998

−1.1983 −3.0317 −221.94

−0.4734 0.7084 −127.55


 , (3.91)

Pr,3 =




−0.0047 0.4759 −0.3249

−5.4336 0.0421 −0.0067

0.0027 −0.6124 1.36088


 , (3.92)

Ae,3 =




0.4731 0.0192 0.0075

0.0035 0.0955 5.180e− 5

−3.203e− 6 −1.691e− 5 0.2037


 . (3.93)
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Figure 3.1: Frequency Response: Nominal Filter 3 - target fault f3 and residual
signal r3

As shown above, for both the nominal and robust systems three filters were

designed corresponding to targeted faults f1, f2 and f3. To verify the solutions

obtained by the RCGA, the frequency response of the closed-loop systems were

examined. Specifically, Bode diagrams were used to check the magnitude of the

transfer functions from the faults f1, f2, and f3, and the disturbances w1, w2 and

w3 to the residual signals r1, r2 and r3. Figure 3.1 shows the response of filter 3 of

the nominal system, where the target fault is f3 and the residual signal is r3. It can

be seen that the influence of the target fault signal on the residual is significantly

larger than the influence of the nuisance faults and disturbances over all frequencies.

Similarly, in Figure 3.2 filter 2 of the robust system, where the target fault is f2 and

the residual signal is r2, the influence of the target fault signal on the residual is

larger than the nuisance faults and disturbance signals.2

In order to illustrate the application of the robust `1 estimator to robust fault

detection, FDI of the system in (3.70) and (3.71) subject to plant disturbances was

performed. A bank of estimators (as described in Section 3) was designed for the

2These trends are representative of the behavior of each filter response.
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Figure 3.2: Frequency Response: Robust Filter 2 - target fault f2 and residual signal
r2

set of yi, i ∈ {1, 2, 3}, sensor outputs, i.e., the ith estimator is designed to detect

a fault in the yi sensor while neglecting faults in the remaining sensors. Here the

nominal case as well as the robust case are considered for the FDI process. Random

white noise signals with zero mean were added as both the disturbance inputs and

sensor noise. The variances of the disturbance inputs, w1, w2 and w3, were 0.05, 0.08

and 0.03, respectively. In order to show the extent of robustness, uncertainty for

all system matrices was considered. The uncertain parameters are assigned random

values within their respective ranges. The values are given in Table 3.1.

This example only considered the occurrence of sensor faults within the system.

A typical sensor fault in the jet engine is a drift in the sensor reading. Thus, a

slow drifting (or ramping) sensor fault was added to a sensor reading at a particular

instant in time. Specifically, the simulated fault signal can be described by the linear

function

fi(k) =





0, k < kf

τ(k − kf ), k ≥ kf

(3.94)
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Figure 3.3 Figure 3.4 Figure 3.5 Figure 3.6

δA1 0.004217 -0.000386 0.003415 -0.010360

δA2 -0.011812 -0.007753 -0.009804 -0.007485

δA3 0.007793 0.003931 0.006159 -0.000564

δC1 0 -0.010086 -0.012755 -0.009738

δC2 0 0.011859 0.018581 -0.001702

δC3 0 -0.000169 0.001494 -0.004532

Table 3.1: Uncertain Parameter Values

where τ = 0.1 is the slope and kf is the instant at which the fault occurs. Due to the

disturbance the finite-horizon infinity norm (3.64) of the residual with N −N0 = 60

(corresponding to a time interval of 0.6 sec.), was nonzero even in the absence of

faults.

In Figures 3.3 through 3.5 a single sensor fault was introduced in the system.

Specifically, in Figure 3.3 a fault was introduced in sensor y1 at t = 20 sec, Figure

3.4 has a fault introduced in sensor y2 at t = 30 sec, while a fault in sensor y3 is

introduced at t = 40 sec in Figure 3.5. It can be seen that both the nominal and

robust estimators were able to successfully detect and isolate each fault. This is

evident as each faulty sensor the residual surpassed its respective threshold at the

time of occurrence of each fault. However, it is noted that in each nominal estimator

system false alarms are given in one of the fault free sensors. This is due to the

fact that uncertainty was not accounted for in the design of these estimators. These

false alarms are avoided with the robust filters. In Figure 3.6 multiple faults were

introduced in sensors y1, y2 and y3 at t = 25sec, t = 10sec and t = 40sec, respectively.

It can be observed that in this instant both nominal and robust systems were able to

isolate each target fault from the other nuisance faults. A false alarm is again given
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Figure 3.3: Robust `1 FDI: fault in y1 sensor at t = 20 sec.
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Figure 3.4: Robust `1 FDI: fault in y2 sensor at t = 30 sec.
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Figure 3.5: Robust `1 FDI: fault in y3 sensor at t = 40 sec.
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Figure 3.6: Robust `1 FDI: fault in y1 at t = 25 sec., y2 at t = 10 sec., and y3 sensor
at t = 40 sec.
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as the first residual surpasses its threshold well before a fault is introduced in the

sensor. This does not occur with the robust estimator.

3.6 Conclusions

This chapter considered the application of robust `1 estimation for uncertain,

linear discrete-time systems to the robust fault detection and isolation. Mixed struc-

tured singular value theory of [19] was used to design a bank of robust `1 estimators

and the resulting fixed threshold logic. By considering a discrete, linear model of a

jet engine with real parametric uncertainties and introducing drifting sensor faults, it

was shown that the robust FDI methodology based on fixed thresholds was capable

of detecting and isolating failures in each of the particular sensors. Also, by design-

ing the robust estimators to explicitly account for uncertainty false alarm rates were

significantly reduced.



CHAPTER 4

APPLICATION OF ROBUST `1 FDI TO A NONLINEAR SYSTEM

This chapter applies the robust `1 FDI technique to a benchmark closed-loop

system. The plant is a nonlinear industrial diesel engine actuator. Using a linear

model of this system and assuming appropriate parametric uncertainty, a bank of

robust linear estimators is developed using the techniques described in Chapter 3.

As in the previous chapters, a real-coded genetic algorithm is used to solve the

optimization problem. These linear estimators are then used to perform FDI of the

nonlinear system.

4.1 Introduction

Many approaches to FDI appearing in the research literature are based on analyt-

ical redundancy, which makes use of a mathematical model of the system to analyze

the relationship of the system behavior (outputs) to given inputs. One drawback of

this analytical (or model-based) approach to FDI is the errors that may occur in the

modelling of the dynamic system. Due to the dependency on the model accuracy,

the estimates of the system outputs can be sensitive to discrepancies between the

model and the actual system. These modelling errors tend to confuse the detection

scheme and can be indistinguishable from the affects of actual faults. Also, if not

explicitly accounted for, the introduction of exogenous disturbances to the system

84
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can also blur the occurrence of an actual fault. As such, robustness has been an

additional point of focus added to the improvement of FDI techniques.

Over the last two decades research in the area of fault detection and isola-

tion (FDI) for engineering systems has greatly increased. Specifically, robustness

in estimator-based approaches has accounted for much of the attention. Although

significant theoretical results have been achieved in FDI research, many of these

methodologies have not been widely utilized for industrial problems. In 1995, Blanke

et al. [6] suggested that this was due to the scarcity of well-defined and realistic ex-

amples for use within the research community, and hence defined a well-established

industrial example. These types of applications are essential for validation and as-

sessment of FDI techniques and can help lead to practical implementation. The

benchmark example is an electro-mechanical position servo, used in the speed con-

trol of large diesel engines. It regulates the amount of fuel loaded into each cylinder

by controlling the position of a common control rod, equivalent to the throttle in an

automobile [6].

In this chapter, an approach to robust FDI in the industrial diesel engine ac-

tuator is based on the recently developed mixed structure singular value (MSSV)

[17, 18, 19, 22] and robust `1 theories [19, 22]. Past research has demonstrated this

approach to robust FD using linear systems. However, practical applications are

more complex in nature and are typically nonlinear. Using a linear model of the

actuator system and assuming appropriate parametric uncertainty, a bank of robust

estimators is developed using MSSV and robust `1 estimation. MSSV theory allows

real parametric uncertainty to be treated as slowly time-varying, real parametric un-

certainty, which is a much less conservative model than the one based on quadratic

Lyapunov theory or the small gain theorem. This reduced conservatism allows the

estimators to be used for more accurate fault detection. A real-coded genetic algo-
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rithm [46, 73] is used to solve the optimization problem. These linear estimators are

then used to perform FDI of the nonlinear system.

The organization of this chapter is as follows. Section 4.2 presents the application

of robust `1 estimation to robust fault detection and isolation. Section 4.3 discusses

results of this technique applied to the benchmark FDI problem. Section 4.4 gives

concluding remarks.

4.2 Robust FDI Using Robust `1 Estimation

Consider that the diesel engine actuator can be accurately represented by the

discrete-time, linear uncertain system

x(k + 1) = (A + ∆A)x(k) + (B + ∆B)u(k) + D1,∞w∞(k) + Fafa(k),

(4.1)

y(k) = Cx(k) + D2,∞w∞(k) + Fsfs(k), (4.2)

z(k) = E∞x(k), (4.3)

where x ∈ Rn is the state vector, u ∈ Rd is the vector of control inputs, y ∈ Rp

denotes the plant measurements, z ∈ Rq is the performance output to be estimated,

w∞ ∈ Rd∞ denotes an `∞ disturbance signal satisfying ‖w∞(·)‖∞,2 ≤ 1, fa ∈ Rra

and fs ∈ Rrs are the current (actuation) and sensor fault vectors, respectively. The

matrices ∆A and ∆B represent the parametric uncertainty and satisfy

∆A ∈ UA , {∆A ∈ Rn×n : ∆A = −HAFAGA, FA ∈ FA}, (4.4)

∆B ∈ UB , {∆B ∈ Rn×d : ∆B = −HBFBGB, FB ∈ FB}, (4.5)

where

FA , {FA ∈ Dr : MA,1 ≤ FA ≤ MA,2}, (4.6)

FB , {FB ∈ Ds : MB,1 ≤ FB ≤ MB,2}, (4.7)
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with MA,1, MA,2 ∈ Dr, MB,1, MB,2 ∈ Ds, MA,2−MA,1 ≥ 0, andMB,2−MB,1 ≥ 0. Note

that the uncertainty in the input matrix, ∆B, can be modelled as an additive input

disturbance. Using (4.7) and some matrix manipulation, ∆Bu(k) can be rewritten

as

∆Bu(k) = Φq(k), (4.8)

where

Φ ,
[

hB1g
T
B1

. . . hBsg
T
Bs

]
, q(k) ,




δ1u(k)
...

δsu(k)


 . (4.9)

Note that hBi
and gT

Bi
are the ith column and row of HB and GB, respectively,

and δi are the diagonal elements of FB. Substituting (4.9) into (4.1) and defining

w , [wT
∞ qT ]T and f , [fT

a fT
s ]T yields the modified closed-loop system

x(k + 1) = (A + ∆A)x(k) + Bu(k) + Dw,1w(k) + R1f(k), (4.10)

y(k) = Cx(k) + Dw,2w(k) + R2f(k), (4.11)

z(k) = E∞x(k), (4.12)

where

Dw,1 =
[

D1,∞ Φ
]
, Dw,2 =

[
D2,∞ 0

]
,

R1 =
[

Fa 0
]
, R2 =

[
0 Fs

]
. (4.13)

Equations (4.10)-(4.11) can be written in the expanded forms

x(k + 1) = (A + ∆A)x(k) + Bu(k) + Dw,1w(k) + R1,1f1(k) + . . . + R1,gfg(k),

(4.14)

y(k) = Cx(k) + Dw,2w(k) + R2,1f1(k) + . . . + R2,gfg(k), (4.15)
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where R1,i (respectively, R2,i) denotes the ith column of the matrix R1 (respectively,

R2). Let g , ra +rs. For i ∈ {1, 2, . . . , g} the term fi(k) represents the ith individual

fault of f(k) and R1,i (respectively, R2,i) represents its directional characteristics.

Assume that fi(k) is the “target fault,” i.e., the fault that it is desired to detect.

Without loss of generality, the vector of “nuisance faults”, representing the faults

that are not to be detected (by the robust fault detection filter), is given by f̄i ,
[f1(k) · · · fi−1(k) fi+1(k) · · · fg(k)]T . Hence, (4.14)-(4.15) can be replaced by

x(k + 1) = (A + ∆A)x(k) + Bu(k) + Dw,1w(k) + R1,ifi(k) + R̄1,if̄i(k),

(4.16)

y(k) = Cx(k) + Dw,2w(k) + R2,ifi(k) + R̄2,if̄i(k). (4.17)

Let w̃ be defined as w̃ , [wT f̄T
i ]T . Then, (4.10)-(4.12) can be written as a set of

systems

Σi





x(k + 1) = (A + ∆A)x(k) + Bu(k) + D1w̃(k) + R1,ifi(k),

y(k) = Cx(k) + D2w̃(k) + R2,ifi(k),

z(k) = E∞x(k)
(4.18)

where

D1 =
[

Dw,1 R̄1,i

]
, D2 =

[
Dw,2 R̄2,i

]
. (4.19)

It is desired to design a bank of estimators (full-order observers) of the form

xe(k + 1|k) = Aexe(k|k − 1) + Bu(k) + W [y(k)− Cxe(k|k − 1)]

(4.20)

to estimate the performance output E∞x(k), where Ae ∈ Rn×n and W ∈ Rn×p are

the parameters to be determined. (Typically, one chooses E∞ = C such that z

corresponds to the noise and fault free output associated with the measurement y.)
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Detection of a fault is achieved by comparing the actual behavior of the plant to the

output of the estimators; deviations are indications of a fault (or disturbances, noise

or modelling errors).

Let the residual error be defined as

r(k) , P [y(k)− Cxe(k|k − 1))], (4.21)

where the g × p gain matrix P [20] is chosen such that r has a fixed direction

when responding to the target fault. Fault isolation can be achieved by designing

an estimator such that estimation error (i.e. the residual) is sensitive to only one

particular fault. Specifically, each is designed to be sensitive to a particular fault and

insensitive to the remaining faults. In addition, these estimators are made robust

against exogenous disturbances and modelling uncertainties. Referring to Figure 1.5,

the bank of estimators is used to generate residuals r(i)(k). These residuals are then

analyzed by some appropriate logic (e.g., logic based on thresholds) which infers

whether faults have occurred (fault detection) and where they have occurred (fault

isolation).

The state estimation error is defined as

e(k) , x(k)− xe(k|k − 1), (4.22)

which using (4.1), (4.2), and (4.20) can be shown to obey the evolution equation

e(k) = (Ae −WC)e(k) + (A + ∆A− Ae)x(k)

+ (D1 −WD2)w̃(k) + (R1,i −WR2,i)fi(k).

(4.23)

Now define the error output z̃ ∈ Rqp as z̃(k) , E∞e(k). Then augmenting (4.1) with

(4.23) yields

x̃(k + 1) = (Ã + ∆Ã)x̃(k) + D̃1w̃(k) + R̃1fi(k), (4.24)

z̃(k) = Ẽx̃(k), (4.25)



90

where

x̃(k) =


 x(k)

e(k)


 , Ã =


 A 0

A− Ae Ae −WC


 , (4.26)

D̃1 =


 D1

D1 −WD2


 , Ẽ =

[
0 E∞

]
, R̃1 =


 R1,i

R1,i −WR2,i


 .

(4.27)

Furthermore, ∆Ã satisfies

∆Ã ∈ ŨA , {∆Ã ∈ R2n×2n : ∆Ã = −H̃AFAG̃A}, (4.28)

where

H̃A =


 HA

HA


 , G̃A =

[
GA 0

]
. (4.29)

Choosing E∞ = C, the residual can be written as

r(k) = P z̃(k) + PD2w̃(k) + PR2,ifi(k). (4.30)

Let Jrw̃ and Jrfi
represent the `1 norms of the system operators from the disturbance

vector w̃ to the residual r, and from the target fault fi to the residual r, respectively.

More specifically,

Jrw̃(Ae, W, P ) = sup
∆Ã∈ŨA

‖Hrw̃‖1, (4.31)

Jrfi
(Ae, W, P ) = sup

∆Ã∈ŨA

‖Hrfi
‖1. (4.32)

To make this problem mathematically tractable multiplier theory [19] is used to

develop upper bounds Jrw̃ and Jrfi
such that

Jrw̃ ≤ Jrw̃, (4.33)

Jrfi
≤ Jrfi

. (4.34)
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Let G(z) ∈ Cq×d∞ be the transfer function matrix representation of the system

described in (4.24) and (4.25). Using the Popov-Tsypkin multiplier [17, 18, 19, 44]

written in the transfer function matrix form

M(z) = H + N
z − 1

z
, (4.35)

where H ∈ Dm, N ∈ Dm with H > 0 and N ≥ 0, the augmented system M(z)G(z)

can be written as

xa(k + 1) =(Aa + ∆Aa)xa(k) + Da,ww̃(k) + Da,ffi(k), (4.36)

z̃(k) =Eaxa(k), (4.37)

where xa(k) = [xT
m(k) x̃T (k)]T , xm(k) ∈ Rm denotes the states of the multiplier,

Aa =


 0 0

H̃A Ã


 , Da,w =


 0

D̃1


 ,

Da,f =


 0

R̃1


 , Ea =

[
0 Ẽ

]
, (4.38)

and

∆Aa ∈ Ua , {∆Aa ∈ Rm+2n : ∆Aa = −HaFGa, F ∈ F}, (4.39)

with

Ha =


 0

H̃A


 , Ga =

[
0 G̃A

]
. (4.40)

The `1 performance functions are then bounded as

Jrw̃(Ae,W, P, H,N) = [tr(EaQa,wET
a )q]

1
q , (4.41)

Jrfi
(Ae,W, P, H,N) = [tr(EaQa,fE

T
a )q]

1
q , ∆Aa ∈ Ua, (4.42)
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where Qa,w and Qa,f satisfy the algebraic Riccati equations

Qa,w = α(Aa −HaM1Ga)Qa,w(Aa −HaM1Ga)
T + [

√
α(Aa −HaM1Ga)Qa,wET

a

−√αHa(H + N) + SaN ][2H(M2 −M1)
−1 −GaQa,wGT

a ]−1 ·
[
√

α(Aa −HaM1Ga)Qa,wET
a −

√
αHa(H + N) + SaN ]T +

α

α− 1
Va,w,

(4.43)

Qa,f = α(Aa −HaM1Ga)Qa,f (Aa −HaM1Ga)
T + [

√
α(Aa −HaM1Ga)Qa,fE

T
a

−√αHa(H + N) + SaN ][2H(M2 −M1)
−1 −GaQa,fG

T
a ]−1 ·

[
√

α(Aa −HaM1Ga)Qa,fE
T
a −

√
αHa(H + N) + SaN ]T +

α

α− 1
Va,f ,

(4.44)

where Va,w , Da,wDT
a,w, Va,f , Da,fD

T
a,f , and Sa ,


 I

0


, with dim(Sa) = dim(Ha).

Robust `1 FDI filter design is achieved by choosing parameters Ae, W and P such

that the augmented system (4.24)-(4.25) is asymptotically stable over the uncertainty

sets UÃ, Jrw̃ is small and Jrfi
is large.1 A minimization problem that expresses this

objective is

min
Ae,W,P

J = βJrw̃ + (1− β)
1

Jrfi

+ γ
Jrw̃

Jrfi

, (4.45)

where β ∈ [0, 1] and γ > 0 are arbitrarily chosen weighting scalars. With an enforced

stability constraint, this optimization problem can be solved using a real-coded ge-

netic algorithm, as discussed in the next section.

Now consider the set of uncertain discrete-time systems

x(k + 1) = (A + ∆A)x(k) + Bu(k) + D1w̃(k) + R1,ifi(k), (4.46)

y(k) = Cx(k) + D2w̃(k) + R2,ifi(k), (4.47)

z(k) = E∞x(k), (4.48)

1It would be more desirable to make a lower bound on Jrfi
large. Unfortunately, lower bounds are usually much

more difficult to work with computationally than upper bounds.
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where x, y, z, w̃, and fi are as previously discussed. Robust `1 fault detection is

accomplished by generating a set of robust residual signals r(i)(k) that satisfy

‖r(k)‖p ≤ Jth if fi(k) = 0, (4.49)

‖r(k)‖p > Jth if fi(k) 6= 0, (4.50)

where ‖ · ‖p denotes the p norm of a Lebesgue signal and Jth is the ith threshold

value. As derived in [19], if fi(k) = 0 (4.30) satisfies the norm inequality

‖r‖2
(∞,2),[N0,N ] ≤{[tr(PEaQa,wET

a P T )q]
1
q + 2σmax(PD2)[tr(PEaQa,wET

a P T )q]
1
2q

+ σ2
max(PD2)}‖w̃‖2

(∞,2),[N0,N ], (4.51)

where Qa,w is previously defined. The threshold can be chosen as

Jth ,{[tr(PEaQa,wET
a P T )q]

1
q + 2σmax(PD2)[tr(PEaQa,wET

a P T )q]
1
2q

+ σ2
max(PD2)}‖w̃‖2

(∞,2),[N0,N ]. (4.52)

Robust fault detection can be accomplished by comparing ‖r‖(∞,2),[N0,N ] with Jth. A

fault occurs if ‖r‖(∞,2),[N0,N ] > Jth, i.e.,

‖r‖(∞,2),[N0,N ] > Jth ⇒ a fault occurred. (4.53)

4.3 Optimization Using a Real-Coded Genetic Algorithm

As previously discussed, the design of robust FDI estimators is formulated as an

optimization problem. This problem is solved using a real-coded genetic algorithm

(RCGA).

For the robust `1 optimization problem the chromosome is constructed by formu-

lating matrices Ae, W , P , H and N into a single vector Θ such that

Θ =
[

V ec(Ae)
T V ec(W )T V ec(P )T V ec(H)T V ec(N)T

]
.

(4.54)
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The search region is then defined by establishing upper and lower limits Θ and Θ

such that

θij ≤ θij ≤ θij. (4.55)

To account for the stability criteria, the RCGA is formulated as a constrained

optimization problem. This is achieved by imposing a constraint on the cost with a

penalty function. Specifically, if the stability criterion is not satisfied, a penalty is

added to the cost such that

if





max[λi(Aa)] < 1, J = J

otherwise, J = J + penalty

, (4.56)

where λi, i ∈ (1, 2, . . . , m + 2n) are the eigenvalues of the augmented system Aa.

The penalty is chosen as 100 to obtain the results described below.

4.4 Experimental Results of Robust FDI

The numerical results are presented in this section to illustrate the application of

robust `1 FDI to sensor faults in the industrial diesel engine actuator found in [6]. A

detailed description of this nonlinear system is given in the aforementioned reference.

The governing equations and a list of parameter values and variable descriptions for

the nonlinear system can be found in Appendices A and B, respectively.

The linear continuous-time state-space description for the system is derived in [6]

as

ẋ(t) = Aconx(t) + Bconu(t) + Econd(t) + Facfa(t), (4.57)

y(t) = Cx(t) + Fsfs(t), (4.58)

where the state vector x = [i2, nm, s0]
T , u = nref is the control position demand,

d = Ql is a vector of unknown disturbances, and y = [nm s0]
T contains measurements
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of the velocity (nm) and position (s0). The current fault signal fa = ∆im and the

sensor fault signal fs = ∆s0, while

Acon =




0 −Kv

Tv
0

Kqη

Itot

−ftot−KvKqη

Itot
0

0 1
N

0


 =




0 −102 0

181 −171 0

0 1.12e− 2 0


 , (4.59)

Bcon =




Kv

Tv

KvKqη

Itot

0


 =




102

163

0


 , Econ =




0

1
NItot

0


 =




0

4.44

0


 ,

(4.60)

C =


 0 1 0

0 0 0.978


 , Fa =




0

181

0


 , Fs =


 0

0.978


 . (4.61)

The parameter values and descriptions for all variables for the linear system can be

found in Appendix C. The uncertainty associated with these parameters is judged

to be the following [6]:

• inertia Itot: within ±15%

• gear ratio N : not uncertain

• friction ftot: +200% to −50%

• torque constant Kq: ±5%

• gear efficiency η: from 0.70 to 0.85

Using the limits of the parameter ranges, the upper and lower bounds of the elements

of matrices Acon and Bcon are established for the continuous system. Specifically, the

bounds A+
con, B+

con, A−
con and B−

con are such that

a−conij
≤ ∆aij ≤ a+

conij
, (4.62)

b−conij
≤ ∆bij ≤ b+

conij
. (4.63)
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Using the zero-order hold (ZOH) and a sampling period Ts = 0.01 given in [6],

the (ZOH equivalent) discrete-time system can be written as

x(k + 1) = (A + ∆A)x(k) + (B + ∆B)u(k) + Ed(k) + Fafa(k),

(4.64)

y(k) = Cx(k) + Fsfs(k). (4.65)

Corresponding bounds, A+, B+, A− and B−, are obtained for the discrete system

such that

a−ij ≤ ∆aij ≤ a+
ij, (4.66)

b−ij ≤ ∆bij ≤ b+
ij. (4.67)

The system parameter matrices in (4.64) and (4.65) are

A =




0.5070 −0.3580 0

0.6350 −0.0915 0

5.42e− 5 3.93e− 5 0.9995


 , B =




0.380

1.0640

7.07e− 5


 , Fa =




−0.493

0.635

5.42e− 3


 ,

(4.68)

C =


 0 1 0

0 0 0.978


 , E =




−1.21e− 2

1.55e− 2

1.33e− 6


 , Fs =


 0

0.978


 . (4.69)

The uncertainty matrices ∆A = −HAFAGA and ∆B = −HBFBGB where

HA = −




1 1 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1


 , HB = −I3×3, (4.70)

GA =




I2×2 02×1

I2×2 02×1

I2×2 02×1


 , GB =




1

1

1


 , (4.71)

FA = diag{δA1 , δA2 , δA3 , δA4 , δA5 , δA6}, FB = diag{δB1 , δB2 , δB3},
(4.72)
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with

0.3234 ≤ δA1 ≤ 0.6943,

−0.4052 ≤ δA2 ≤ −0.3272,

0.3958 ≤ δA3 ≤ 0.8905,

−0.1312 ≤ δA4 ≤ −0.04102,

3.357e− 5 ≤ δA5 ≤ 7.429e− 5,

3.593e− 5 ≤ δA6 ≤ 4.449e− 5,

0.1417 ≤ δB1 ≤ 0.6199,

0.6620 ≤ δB2 ≤ 1.4780,

4.393e− 5 ≤ δB3 ≤ 9.644e− 5.

Note that the uncertain parameters δA1 . . . δA6 correspond to parameter fluctuations

in the first two columns of A, and δB1 . . . δB3 to all elements of B.

Model Validation. Before designing the filters for FDI the linear model of the

system is first validated against the nonlinear system. Using the descriptions given

in [6] and MatLab Simulink simulation software, the nonlinear system is constructed

and verified with that of the linearized version. Using a velocity reference input nref

(shown in Figures 4.1) the velocity and position measurements of both the nonlinear

and linear models were plotted as shown in Figures 4.1 and 4.2.

As detailed above, an RCGA is used to solve the optimization problem for design-

ing the robust `1 FDI estimators. Using the objective function (4.45) with parameters

β = 0.8 and γ = 3 and a penalty term added to enforce stability as described in

(4.56), the respective gain and projection matrices are obtained for two estimators.

The first is designed to be sensitive to current faults while insensitive to position

sensor faults and load disturbances. Similarly, the second estimator is sensitive to

position sensor faults while insensitive to current faults and load disturbances. The

initial search region is defined by setting Ae = A. Thus, the genetic string is reduced
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Figure 4.1: Model Validation: velocity measurement, nm

to Θ = [V ec(W )T , V ec(P )T ], which decreased the computational time of the RCGA.

The upper and lower bounds of all elements in Θ are set at ±10, respectively. With

a population size of 50 strings the algorithm was propagated for 100 generations to

obtain an initial string Θ0. After the initial run the search region is refined to a

region centered about the initial string. Specifically, the upper and lower bounds are

defined as

θij = θ0ij
+ κ|θ0ij

|, (4.73)

θij = θ0ij
− κ|θ0ij

|, κ 6= 1. (4.74)
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Figure 4.2: Model Validation: position measurement, s0

Setting κ = 2, the gain matrices obtained for Case 1 are

Wa =




−0.0252 7.746e− 6

0.2095 9.556e− 7

0.3496 2.157e− 5


 , Pa =


 −0.0021 4.421e− 8

0.0158 −3.209e− 6


 ,

(4.75)

Ws =




0.0064 1.2419

0.0812 0.1731

9.017e− 6 2.0167


 , Ps =


 −2.875e− 4 1.3364

2.698e− 4 −1.2485


 .

(4.76)

Requirements for FDI Performance. Requirements for successful FDI per-

formance are outlined in [6]. They are listed as follows:

Short detection time. A feedback fault must be detected within 10 ms, preferably

within one sample of the position controller.

False detection and load sensitivity. Incorrect detections should be kept very low, as

it is essential to avoid unnecessary alerts. The load input is a potential cause of a

false detection, and the FDI should, therefore, be insensitive to the load.

Robust design. Robustness against model uncertainty is particularly important for
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Figure 4.3: Load Torque Step Disturbance, Ql

the parameters total inertia Itot and total friction ftot. The friction is usually un-

known and the inertia is varying, due to backlash and other phenomena.

In order to illustrate the application of the robust `1 estimator to robust fault

detection, FDI of the nonlinear system subject to plant disturbances and parametric

uncertainty was performed. The disturbance signal in Figure 4.3 was introduced as

load torque to the system. In order to show the extent of robustness, all system

parameters in the linear model were set to their upper limits.2

Fault scenario. In this application, sensor faults can be attributed to a tempo-

rary fault in the feedback element ∆s0. As described in [6], the wiper of a feedback

element loses contact due to wear or dust. This fault is abrupt but intermittent, and

lasts for 0.2 seconds.

A component fault in ∆im is due to the sudden malfunction of an end-stop switch.

The reason is a broken wire or a defect in the switch element due to mechanical

vibration. As a result, the power drive can only deliver positive current.

2Simulations with parameters set to their lower limits as well as random parameter variations were also conducted

with very similar results



101

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

ROBUST FDI

C
U

R
R

E
N

T

r
a

J
th

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

x 10
−4

P
O

S
IT

IO
N

TIME (SEC)

r
s

J
th

Figure 4.4: Robust `1 FDI: fault in position sensor at t = 0.7 sec.

In Figure 4.4 a fault was introduced in the position sensor at t = 0.7 sec. sec.

for a window of 0.2 sec. It can be seen that the fault was successfully detected

and isolated as the faulty residual surpassed its respective threshold at the time of

occurrence while the non-faulty residual remained well below its threshold value. In

Figure 4.5 a fault was introduced in the current actuator at t = 2.7 sec. sec. It

can be seen that although a fault was only introduced in the current, both residuals

surpassed their respective threshold values. This is due to the nature of the physical

system where the position sensor reading is effected by the behavior of the current.

Therefore, the affects of the current fault cannot be completely decoupled from the

sensor. Thus, additional logic is added to isolate the current fault. The logic is

structured as follows:

if





ra ≤ Jth,a AND rs ≤ Jth,s no fault

ra > Jth,a AND (rs ≤ Jth,s OR rs > Jth,s) actuator fault

ra ≤ Jth,a AND rs > Jth,s sensor fault
(4.77)



102

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

ROBUST FDI

C
U

R
R

E
N

T

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

x 10
−4

P
O

S
IT

IO
N

TIME (SEC)

r
a

J
th

r
s

J
th

Figure 4.5: Robust `1 FDI: fault in current actuator at t = 2.7 sec.

At close inspection, it is seen that the fault is detected at approximately t =

0.7072 sec., which is within the specified 10 ms window of detection time.

In Figure 4.6 multiple faults were introduced in actuator and position sensor at

the same time instants as before. It can be observed in this case, using the additional

logic, the estimators were able to isolate each target fault from the other nuisance

faults. As such, the `1 estimators demonstrate a degree of the robustness in the

presence of plant disturbance.

To further the effects of non-linearities in the system, the model is simulated

with a varying load disturbance torque. As shown in Figure 4.7, the sequence has

a disturbance signal that is altered in magnitude and shape. Although not shown,

the results of the FDI for this scenario were very similar to those in Figures 4.4-4.6.

With a fault in the sensor only the sensor residual surpassed its threshold while both

residuals surpassed their respective thresholds during the current fault.
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Figure 4.6: Robust `1 FDI: fault in actuator at t = 2.7 sec. and sensor at t = 0.7 sec.

4.5 Conclusions

This paper considered the application of a linear approach to robust fault detec-

tion and isolation of nonlinear, uncertain systems to an industrial engine actuator.

By considering a linearized model of the nonlinear system with real parametric uncer-

tainties two robust `1 filters were developed. Specifically, one estimator was designed

to be sensitive to a current (actuator) fault while insensitive to faults in the position

sensor and load disturbances. Similarly, the other filter was designed to be sensitive

to a fault in the sensor while insensitive to current faults and load disturbances. Ap-

plying mixed structured singular value and robust `1 theories in design, the resulting

fixed threshold logic is employed. Using a nonlinear model of an industrial diesel en-

gine actuator component (current) faults and feedback element (sensor) faults were

introduced. It was shown that the robust FDI methodology based on fixed thresholds

was capable of detecting and isolating each of these faults.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE

RESEARCH

5.1 Conclusions

Chapter 2 considered the use of a real-coded genetic algorithm (RCGA) in the

design of a robust `1, multivariable PI controller under the framework of multiplier

theory (essentially mixed structured singular value theory (MSSV)). The controller

was designed to be robust against plant uncertainty and disturbances. In order to

address time-domain point-wise-in-time performance, `1 theory was used to specify

the performance criterion. It is appropriate in situations involving persistent, un-

known but bounded exogenous signals, such as when it is desired to minimize the

worst-case tracking error while maintaining the control action below a given value

in the presence of persistent, bounded noise. Using a Popov-Tsypkin multiplier the

robust control design was formulated as an `1 optimization problem. The optimal

proportional and integral gains were obtained using an RCGA. In an illustrative ex-

ample a robust PI controller was designed for a linear model of a jet engine. It was

shown that the controller exhibited good tracking behavior and disturbance rejection

in the presence of parametric plant uncertainty.

The major contribution of this research was given in Chapter 3, which considered

the application of robust `1 estimation to fault robust fault detection and isolation.

105
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This was accomplished by developing a series, or bank, of robust estimators (full-

order observers), each of which is designed such that the residual will be sensitive

to a certain fault (or faults) while insensitive to the remaining faults. This was an

extension of previous research that applied the robust `1 theory to fault detection

but not isolation.

Robustness is incorporated by assuring that the residuals remain insensitive to

exogenous disturbances as well as modelling uncertainty. Although the more well-

known methods for addressing uncertainty are based on the small gain theorem

and fixed quadratic Lyapunov functions, these methods can be conservative based

on the assumptions made about the uncertainty. Mixed structured singular value

theory allows real parametric uncertainty to be treated as slowly time-varying, real

parametric uncertainty, which is a much less conservative model. Multiplier and `1

theories are used to develop the appropriate threshold logic to evaluate the outputs

of the estimators. This logic is ultimately used to determine the occurrence and

location of a fault. Considering a linearized model of a jet engine and introducing

drifting sensor faults, it was shown that the robust FDI methodology based on fixed

thresholds was capable of detecting and isolating failures in each of the particular

sensors.

Another key result in this chapter (as well as the preceding chapter) was the

employment of a real-coded genetic algorithm, which was used to obtain the optimal

estimator gain matrices. This optimization technique was particularly suitable for

this problem as it eliminated the need for first and second derivatives (as was used in

previous research). With the chosen cost function the problem would have become

more complicated in terms of these derivatives.

Although significant results have been achieved in FDI research, without well-

defined, practical examples there remains a disconnect between the research and

industrial communities. Hence, there is a need for more practical applications of
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research results. Chapter 4 presented another significant contribution as it applied

the robust `1 FDI technique to a realistic, industrial diesel engine benchmark. As

previously discussed, the application of this technique to a realistic problem not

only gave validity to its overall effectiveness but also to its potential use in practical

environments.

Using a linear model and assuming appropriate parametric uncertainty, a bank of

robust linear estimators was developed using mixed structured singular value (MSSV)

and `1 theories. To obtain the estimator parameters a real-coded genetic algorithm

was again used to solve the optimization problem. These estimators were then used to

perform FDI of the industrial diesel engine actuator. Using this benchmark problem

the effectiveness of this technique was demonstrated as the robust estimators were

able to successfully detect and isolate actuator and sensor faults in the presence of

a load disturbance.

5.2 Recommendations for Future Research

This research focused on three main objectives, each of which was successfully

achieved. Although significant contributions were made, the basis of research is to

continuously seek to improve. As such, two components of this research are targeted

and recommended for improvement with further study.

5.2.1 Optimization with RCGAs

In each chapter the formulated optimization problems were solved using RCGAs.

Specifically, the chromosome strings were comprised of the elements in the gain ma-

trices. Then, the prescribed solution spaces were searched using multiple population

subroutines. The RCGAs were found to yield very good results in each problem.

Although these algorithm proved to be effective in their search for problems

with larger dimensional space, computation time is increased. This can be directly
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proportional to the size of the solution space (i.e., the number of variables and

range of each). Therefore, the efficiency (with respect to computational time) of the

RCGAs can be somewhat limited in this respect. As such, the feasibility of utilizing

this optimization technique is questionable for problems with a large number of

variables. Thus, improvements to the computational speed of RCGAs are a focal

point of further research. A possible approach may be examining ways of parallel

processing of the RCGA.

The most commonly used approach to parallelization of genetic programming is

the asynchronous [40] (or island) technique. In this approach, the population for a

given run is divided into semi-isolated subpopulations (called demes). Each subpop-

ulation is assigned to a separate processor of the parallel computing system. This

model for parallelization has been proven to deliver an overall increase in compu-

tational speed that is nearly linear with the number of processors. Subsequently,

an increase in efficiency is realized when genetic programming is run on a parallel

computer system using the asynchronous island model. The use of this processing

technique in future research would prove beneficial in extending techniques of this

research to a larger class of control problems.

5.2.2 Robust Fault Detection, Isolation and Accommodation

In Chapters 3 and 4 robust `1 estimators were developed using multiplier and

`1 theories. A robust fault detection and isolation method was proposed based on

this framework. In this method, a bank of estimators was designed such that each

was sensitive to a particular system fault while insensitive to the remaining faults

as well as uncertainties and disturbances. Specifically, the effects of the latter were

minimized while the former was maximized in terms of the `1 norms of the transfer

functions. This method proved to be very effective in detecting and isolating each

simulated fault.
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This research has extended the boundaries of previous work by addressing the

issue of fault isolation. However, the final phase of health monitoring explores meth-

ods of fault accommodation. That is, once a fault (or faults) has (or have) been

detected and targeted adjustments to the system must be made such that a high

level of performance is maintained in the presence of these anomalies. This aspect

of health monitoring aids in producing reliable, intelligent systems that are virtually

self-sustaining while providing safety in operation.

For systems subjected to sensor faults, accommodation can be provided using one

of three strategies: (1) sensor (physical) redundancy, (2) model-based (analytical)

redundancy or (3) control reconfiguration. As discussed in chapter 1, sensor redun-

dancy makes use of multiple sensors for a single measurement, which can become very

costly in a system with a large number of measured parameters. The latter of the

three strategies involves a reconfiguration of the control scheme such that the system

operates without the use of the corrupted sensor. In model-based accommodation

a reconstructed measure of the corrupted output signal (generated by an observer

not associated with that sensor) is used to replace the signal for feedback control

[26]. This method has been applied using parameter estimation, parity equations

and state estimation based schemes (see [5, 26, 35] and the references therein).

Future study should consider robust fault detection, isolation and accommoda-

tion (FDIA) using `1 estimation. The objectives are to design a bank of filters

corresponding to each sensor measurement such that (1) the estimation error is suf-

ficiently small, (2) the transmission of the target fault signal is maximized, and (3)

the transmission of disturbance signals and effects of uncertainties are minimized.

This is to ensure that the faulty measurement can be replaced without adverse af-

fects to the feedback performance while providing effective robust fault detection

and disturbance rejection. Further research can provide a complete system of health

monitoring for realistic applications.
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APPENDIX A

NONLINEAR MODEL DESCRIPTION

The power drive input filter:

d(nref,filt(t))

dt
=

1

RC
(nrefv(t)− nref,filt(t)) (A.1)

Velocity controller:

di2(t) =
Kv

Tv

(nref,filt(t)− nmv(t)) (A.2)

if ((i2(t) ≤ −ilim) AND (di2(t) < 0)) ∨ ((i2(t) ≥ ilim) AND (di2(t) > 0))

d(i2(t))

dt
= 0 (A.3)

else

d(i2(t))

dt
= di2(t) (A.4)

im0(t) = Kv(nref,filt(t)− nmv(t)) + i2(t) (A.5)
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Motor peak and continuous current limits:

if (E2(t) < Emax)

imax(t) = ipeak (A.6)

else

imax(t) = irms (A.7)

im(t) = max(−imax(t), min(imax(t), im0(t))) (A.8)

idiff (t) = |im(t)| − irms (A.9)

d(E1(t))

dt
= idiff (t)|idiff (t)| − E1(t) + E2(t) (A.10)

E2(t) = max(0, min(Emax, E1(t))) (A.11)

i′m(t) = im(t) + ∆im(t) (A.12)

Motor efficiency variations and gear efficiency:

if (i′m(t) ≥ 0)

ϕ(t) = ϕ1 (A.13)

else

ϕ(t) = ϕ2 (A.14)

Qm(t) = Kq(1 + Am sin(2πωms0(t) + ϕ(t)))ηi′m(t) (A.15)
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Stiction:

Qlm(t) = − 1

N
Qs(t) (A.16)

Qms0(t) = Qm(t) + Qlm(t) (A.17)

if (nm(t) = 0)

Qms(t) = max(0, Qms0(t)−Q+stic,m) + min(0, Qms0(t)−Q−stic,m)

(A.18)

else

Qms(t) = Qms0(t) (A.19)

Qls0(t) = Ql(t)−Qs(t) (A.20)

Qls is calculated as Qlm above.

Coulomb and viscous friction:

if (nm(t) > 0)

Qfm(t) = a+mnm(t)2 + b+mnm(t) + Q+coulomb,m (A.21)

if (nm(t) > 0)

Qfm(t) = a−mnm(t)2 + b−mnm(t) + Q−coulomb,m (A.22)

and similarly for the load. Integration gives

d(s0(t))

dt
=

1

N
nm(t) (A.23)

d(sl(t))

dt
= nl(t) (A.24)
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Simulation of load torque:

s0l(t) = s0(t)− sl(t) (A.25)

f(t) =
d(|s0l(t)|)

dt
(A.26)

if (f(t) ≥ 0)

K(t) = K+ (A.27)

else

K(t) = K− (A.28)

Qs(t) = K(t)[max(0, s0l(t)− 1

2
sbacklash) + min(0, s0l(t) +

1

2
sbacklash)]

(A.29)

Position and fault measurement scaling:

s′0v(t) = α(s0v(t) + ∆s0(t)) (A.30)

Integration of angular velocity considering stiction and friction:

Qtot,m(t) = Qms(t) + Qfm(t) (A.31)

nl is derived as nm.

White noise added to measurements and reference input to analog velocity controller:

nmv(t) = nm(t) + Knmv(t) (A.32)

s0v(t) = s0(t) + Ks0v(t) (A.33)

nrefv(t) = nref (t) + Knrefv(t), (A.34)
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where v(t) is a white noise sequence,independent of all three inputs. The load dy-

namics is

Qtot,l(t) = Qls(t) + Qfl(t) (A.35)

if (sign(nl(t)) 6= sign(nl(t−∆t))) AND (nl(t−∆t) 6= 0)

AND (Q−coulomb,l < Qls0 < Q+coulomb,l)

nl(t) = 0 (A.36)

d(nl(t))

dt
= 0 (A.37)

else

d(nl(t))

dt
=

Qtot,l(t)

Il

(A.38)



APPENDIX B

SYMBOLS IN NONLINEAR MODEL

Ts = 0.01 s Controller sampling time

Kp = 200 s−1 Position PI controller gain

Tp = 1000 s PI controller integral time

R = 75e3 Ohm Power drive filter resistance

C = 4.7e− 9 Farad Power drive filter capacitance

Kv = 0.9 As−1 Velocity PI controller gain

Tv = 8.8e− 3 s Velocity PI integral time

ilim = 60 A Integral term saturation limit

ipeak = 30 A Power drive peak current

irms = 12.2 A Power drive continuous current

Emax = 1600 A2s Power drive maximum dissipation

Kq = 0.54 NmA−1 Motor constant average value

Am = 0.20 Motor constant sine amplitude

ωm = 42.3 Motor constant sine frequency

ϕ1 = 0.76 Motor constant sine variation

ϕ2 = 3.65 Motor constant sine variation

η = 0.85 Gear torque transfer efficiency
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Q+stic,m = 0.824 Nm Motor positive stiction torque

Q+stic,l = 70.2 Nm Load positive stiction torque

Q−stic,m = −0.824 Nm Motor negative stiction torque

Q−stic,l = −70.2 Nm Load negative stiction torque

Im = 9.6e− 4 kgms−2 Inertia of motor shaft

Il = 8.7 kgms−2 Total load moment of inertia

Q+coulomb,m = −0.170 Nm Motor coulomb friction, positive direction

Q+coulomb,l = −14.5 Nm Load coulomb friction, positive direction

Q−coulomb,m = 0.265 Nm Motor coulomb friction, negative direction

Q−coulomb,l = 22.6 Nm Load coulomb friction, negative direction

a+m = 1.25e− 5 Nms2 Motor system viscosity factor, positive direction

a+l = 7.72 Nms2 Load system viscosity factor, positive direction

b+m = −8e− 3; Nms Motor viscosity factor, positive direction

b+l = −58.0; Nms Load viscosity factor, positive direction

a−m = −1.15e− 5; Nms2 Motor system viscosity factor, negative direction

a−l = −7.72 Nms2 Load system viscosity factor, negative direction

b−m = 8e− 3 Nms Motor viscosity factor, negative direction

b−l = 58.0 Nms Load viscosity factor, negative direction

N = 89 Gear ratio

αs = 1.045 Measurement scaling factor

K+ = 42.6e3 Nm Spring constant increasing energy

K− = 32.4e3 Nm Spring constant decreasing energy

kl = 37e3 Nm Average spring constant

sbacklash = 1e− 3 Backlash referred to gear output

Knm = 1 s−1 Noise gain on velocity

Ks0 = 5e− 4 Noise gain on position

Knref = 0.1 s−1 Noise gain on ref. to power drive



APPENDIX C

SYMBOLS IN LINEAR MODEL

ftot = 19.7e− 3 Nm/rad/s Total friction referred to servo motor

Itot = 2.53e− 3 kgm2 Total inertia referred to servo motor

Kq = 0.54 Nm/A Torque constant of servo motor

Kv = 0.9 A/rad/s Gain of the speed controller

N = 89 Gear ratio

αsl = 0.978 Measurement scaling factor

η = 0.85 Gear efficiency

Tv = 8.8e− 3 s Integral time of the speed controller
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APPENDIX D

ESTABLISHING UNCERTAINTY BOUNDS

As discussed in Chapter 1, representations of physical systems using dynamic

models often encompass some degree of uncertainty. This is most evident in linear

representations of these systems. In linear models uncertainty can be used to account

for parameter variations and can capture some of the behavior due to nonlinearities.

Establishing the bounds of the uncertain regions in either case requires an intimate

knowledge of the behavior of the nonlinear system and the linear representations.

Just as dynamic behavior varies from system to system the determination of uncer-

tainty regions also varies. Thus, uncertainty for a linearized system is formulated

based on the known behavior of the system with perturbations in a region about an

operating point.

Consider the nonlinear system described by the nonlinear state equations

ẋ(t) = f(x(t), u(t)), (D.1)

y(t) = g(x(t), u(t)). (D.2)

The linear representation is given by

˙̃x(t) = Ax̃(t) + Bũ(t), (D.3)

ỹ(t) = Cx̃(t) + Dũ(t) (D.4)
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where x̃ and ũ are small perturbations

x̃(t) = x(t)− x0(t) (D.5)

ũ(t) = u(t)− u0(t) (D.6)

about the known operating point x0, u0. The coefficients A, B, C and D are Jacobian

matrices evaluated at the operating point given as

A =
∂f

∂x

∣∣∣∣
x0,u0

, B =
∂f

∂u

∣∣∣∣
x0,u0

, (D.7)

C =
∂g

∂x

∣∣∣∣
x0,u0

, D =
∂g

∂u

∣∣∣∣
x0,u0

. (D.8)
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